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SQUARE-WAVE FREQUENCY MODULATION 
IN MICROWAVE SPECTROSCOPY

Subject and Purpose. Th e frequency modulation (FM) combined with lock-in detection, the technique which is used in microwave 
spectroscopy for enhancing the sensitivity of measurements, as well as the eff ects due to standing waves in the measuring absorption cell 
can lead to distortions in the spectral line shapes observed. To ensure the highest possible accuracy derivable from the experimental data, 
these distortions need to be taken into account. A way of improving the accuracy is to approximate to the experimental line contour 
with a theoretical line shape that would account for the observable distortion eff ects. The relevant literature sources suggest examples of 
theoretical expressions for the line shape in the case of a sinusoidal frequency modulation. Th is work has been aimed at deriving similar 
expressions for the case of a square-wave frequency modulation that shall allow increasing the accuracy of measurements.

Methods and Methodology. Th e square-wave-FM signals are obtained with the aid of a direct digital frequency synthesizer that can 
provide switching between two frequencies known to a high accuracy. Th is technical solution permits  generating  FM signals with precisely 
specifi ed parameters. 

Results. A closed-form expression has been suggested, based on numerically evaluated line shape derivatives, which allows taking into 
consideration the basic types of distortions encountered in the spectral line records. Th e cases that have been considered concern a variety 
of experimental conditions, including sub-Doppler measurements with Lamb-dip observations.

Conclusions. Th e approach that has been proposed allows one to properly take into account the distortions of spectral line shapes 
resulting from the use of a square-wave-FM signal, as well as those due to standing wave eff ects in the spectrometer cell. As has been found, 
application of this approach to experimental spectra with a variety of modulation parameters permits reducing the errors of frequency 
determination to  0.001 MHz, provided the signal-to-noise ratios are reasonably high. 
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Introduction

Th e high resolution microwave spectroscopy which 
has had a major impact on many important fi elds 
of science and technology is an extremely powerful 
tool for experimental studies of molecular properties 
[1]. In the process of its development, the microwave 
spectroscopy has incorporated a number of emerging 
technologies with the aim of improving frequency 
measurement accuracy, sensitivity, resolution, and 
frequency range coverage. Th e frequency modulated 
radiation from a source, combined with lock-in har-
monic detection represents one of the techniques 
which have become the classics of microwave spec-
troscopy, suggesting an effi  cient way of sensitivity 
enhancement [2]. 

Th e direct digital synthesis method is one of the 
modern emerging technologies which quite recently 
has found its application in microwave spectrosco-
py [3–5]. In modern millimeter and submillimeter 
wave spectrometers it is common to use a frequen-
cy synthesizer referenced to an atomic (usually rubi-
dium) frequency standard, thus providing a basis for 
high accuracy measurements of spectral line central 
frequencies (see e.g. [6—9]). As has been shown, the 
direct digital synthesizer (DDS) can be used, with 
appropriate fi ltering provisions, as a reference fre-
quency synthesizer, even in systems with high fre-
quency multiplication factors [3, 4]. Moreover, mo-
dern DDSs are capable of providing fast switching 
between several selected frequencies with conti-
nuously varying phases without any overshoots, 
thus enabling a square-wave frequency modulation 
(FM) whose parameters are known with a very high 
precision.

Whereas application of the FM technique provides 
sensitivity enhancement, it also leads to modulation 
distortions in the spectral line shapes observed. In the 
fi rst approximation, the application of FM and lock-in 
detection may be presented as recording of the fi rst 
or second (depending on the  harmonic selected in 
lock-in detection) frequency derivative of the true 
lineshape. Deviations of the recorded line contour 
from the analytical derivative of the true lineshape 
depend on the parameters of the FM signal (e.g., the 
modulation depth). It is just these deviations that we 
will consider, for the purposes of this paper, as modu-
lation distortions, concentrating on second-order 
eff ects in lineshape modifi cations caused by appli-

cation of the FM and lock-in detection. One more 
reason for lineshape distortions is the fact that the 
molecular gas being investigated is contained, in the 
course of laboratory measurements, inside the limi-
ted space of an absorption cell. As has been shown 
by Pickett [10], refl ections from the cell windows not 
only produce standing waves within the volume but 
may also give an asymmetric contribution to the line 
shapes observed (the so called standing wave distor-
tions). To achieve the highest possible accuracy and 
resolution out of an experiment, both kinds of dis-
tortions should be correctly taken into account in the 
theoretical line shape expressions to be used as ap-
proximate represetations of the experimental spec-
tral records.

Nowadays the sub-Doppler spectroscopy with 
Lamb-dip observation is widely applied in order to 
improve spectral resolution and accuracy of transi-
tion frequency measurements [11—14]. However, 
such measurements are also aff ected by the modula-
tion and standing wave distortions. Th ese distortions 
have a smaller impact on the measurement accuracy, 
since the Lamb-dip width has a signifi cantly lower 
value than the Doppler width for a molecular spec-
tral line. Nevertheless, it is still necessary to take both 
kinds of distortions into account, in order to reach 
the highest possible measurement accuracy.

In the literature dedicated to microwave spectro-
scopy, the issue of theoretical representation of line 
shape distortions is rather well elaborated for the 
case of a sinusoidal FM signal (see, e.g. [15]). To the 
best of our knowledge, Karplus [16] was the fi rst 
author who has considered (back in 1948) applica-
tion of the FM in microwave spectroscopy. Th e issue 
was further investigated in a number of works (see 
for example [15, 17]). For the sine-wave-FM signal, 
the relevant theoretical expressions that allow taking 
into account both the modulation-produced distor-
tions and the standing wave eff ect for diff erent line-
shape types (e.g. Doppler, Lorentz, Voigt, Galatry, 
etc.) were fi nally developed [18]. Unlike the sinusoi-
dal FM, the square-wave-FM is much less studied 
with regard to distortions in the line contours ob-
served. As appears, application of the square-wave-
FM was considered only in Karplus’ paper [16], 
being limited to the simplest case of a Lorentzian 
lineshape and low frequency square-wave modula-
tion. Also, the standing wave-produced distortions 
were not considered.
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In this work, we present a new (and relatively eco-
nomic computationally) approach to the line shape 
analysis which is suitable in the case of the square-
wave-FM. Th e approach takes into account both the 
modulation-produced and the standing wave eff ects 
in the case of a Doppler-limited resolution, as well as 
the sub-Doppler resolution measurements. In addi-
tion, we describe an implementation of a DDS-based 
square-wave-FM system as it has been realized in 
the millimeter-wave spectrometer of the Institute of 
Radio Astronomy, NAS of Ukraine. Also, we demon-
strate application of the new approach to processing 
of experimental records.

1. Experimental details: DDS-based 
square-wave frequency modulation

All the test measurements we have used to demon-
strate our new approach to line shape analysis were 
obtained with the automated synthesizer-based mil-
limeter-wave spectrometer of the Institute of Radio 
Astronomy, NAS of Ukraine. Th e instrument is a con-
ventional absorption spectrometer, a general descrip-
tion of which can be found in Ref. [8]. In this subsec-
tion we would like to discuss, for the sake of presenta-
tion completeness, the approach we normally use for 
generating microwave square-wave-FM signals. 

Th e proposed solution which is implemented in 
our millimeter wave spectrometer [8] is shown sche-
matically in Fig. 1. Th e probe signal which is fed into 
an absorbing cell is provided by a backward wave os-
cillator (BWO). Th e frequency at the BWO output 
is stabilized by a phase locking loop (see the PLL in 

Fig. 1). Th e idea of the modulation scheme is based 
on applying a frequency modulated reference signal 
to the PLL. Since the PLL supports a pre-defi ned off -
set between the reference and the stabilized signal, 
the BWO output also becomes frequency modula-
ted. Th e required FM reference is formed by a DDS 
which is programmed by a controller (Fig. 1) to set 
two frequency profi les, 1f  and 2 .f  Th e modulating 
signal (represented in terms of logic levels) simply 
switches the DDS frequency output between these 
two values. Th us, the PLL reference is generated as 
a frequency shift  keying signal. In order to ensure 
proper parameters for the FM signal, the values of 

1f  and 2f  are chosen as follows.
Let us designate the off set PLL operating fre-

quency (in the absence of any modulation) as IFf . 
Th e modulation depth fΔ  is chosen in accord-
ance with experimental conditions. In order to per-
form measurements within a wide frequency range 
with a Doppler-limited resolution, as well as with a 
sub-Doppler one, the modulation depth fΔ  may be 
selected from among the values 1, 2, 4, 8, 16, 32, 64, 
or 128 kHz. Th e actual modulation depth fΔ  is pro-
grammed by the logic signals of modulation depth 
control (see Fig. 1). Th e frequency profi les are cho-
sen as 1 IFf f fΔ  and 2 IF ,f f fΔ  and the 
modulation signal modU  (logic) just switches the 
DDS output between these two values. Th e switch-
ing frequency modF  may be selected within the (1.5 
to 21.0) kHz range (depending on experimental con-
ditions). Since the DDS reference signal is formed, 
based on a rubidium frequency standard, both of the 
frequencies 1f  and 2f  are known to a very high ac-

Fig. 1. Formation of a square-wave frequency modulated microwave signal 
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curacy. Accordingly, the parameters of the DDS FM 
signal are also known to a high accuracy. Th e sig-
nal obtained in such a way is applied as a reference 
for the PLL which provides for phase stabilization of 
the BWO output. Owing to the frequency modula-
ted reference, the BWO output will be also frequen-
cy modulated, eff ectuating switching between the 

OUT1 BWOf f fΔ  and OUT2 BWOf f fΔ  fre-
quencies. Obviously, a FM signal like that is aff ected 
by the PLL response. However, as has been shown in 
[5], this infl uence is negligible.

It should be noted that the majority of modern 
millimeter- and submillimeter-wave FM spectro-
meters operate with sine-wave frequency modu-
lation. Th is is because the commercially available 
frequency synthesizers serving as reference-signal 
sources for the spectrometers involve built-in sine-
wave modulators. To a certain degree, it is because of 
this fact that the methods developed so far for pro-
cessing the experimentally obtained data are based 
on an assumption of sine-wave-FM signals. Th e sine-
wave-FM signal normally is generated through con-
tinuous variation of the synthesizer frequency, such 
that there is no time interval within the modulation 
period where the frequency could be regarded as 
fi xed. Th is means that only crude estimates can be 
suggested for parameters of the signal. In contrast, the 
square-wave-FM implies switching between two fre-
quencies known to a high accuracy. In addition, the 
application of modern DDSs enables such switching 
with a continuous phase without any overshoots. 
Th is is the reason why application of the square-
wave-FM produced by a DDS allows us to generate 
an FM signal with parameters known to a high level 
of accuracy. 

2. Line shape distortions due 
to standing wave

Consider the distortions in the contours of molecu-
lar spectral lines associated with the standing waves 
in the absorbing cell of a spectrometer. We will need 
this information for deriving a general expression 
used for processing the recorded spectra, including 
the modifi cations due to the FM. Th e central fre-
quencies of the spectral lines are determined by 
means of a least-square fi t of an experimental record 
with an appropriate function. Let us denote the pro-
per lineshape function with a central frequency 0 ,ν  

as 0( , ).α ν ν  Also, let 0( )i ν  denote the transfer func-
tion of an empty absorbing cell that takes into ac-
count the frequency dependences from the source 
and the detector, as well as the refl ections (standing 
waves) inside the cell. Th e detector current ( )i ν  
caused by the radiation passing through the ab-
sorbing cell of eff ective length l may be expressed, 
according to the Beer–Lambert–Bouguer law, as 

0 0 0 0( ) ( )exp( ( , ) ) ( )(1 ( , ) ).i i l i lν ν α ν ν ν α ν ν   (1)

(Assuming a low amount of absorption this could be 
expanded in a Taylor series, retaining just the linear 
term.)

It should be noted that the presence of refl ections 
in an absorption cell leads to baseline variations and 
may cause certain problems, such as sensitivity and 
accuracy limitations. Th ese problems may require 
being considered in detail. Because of source fre-
quency modulation and lock-in detection the spectra 
are recorded, in the fi rst approximation, as a fre-
quency derivative of the line’s contour (here we sup-
pose the fi rst harmonic detection). Th e fi rst frequen-
cy derivative of Eq. (1) will be

0 0 0 0 0( ) ( ) ( ) ( , ) ( ) ( , ) .i i i l i lν ν ν α ν ν ν α ν ν   (2)

Within the zeroth order approximation, it is sup-
posed that the baseline varies only very slowly, hence 

0( )i ν  may be taken to be constant in a close vicinity 
of the line, thus suggesting 0( ) 0.i ν  So, the two 
fi rst terms in Eq. (2) are usually set to be zeros. Now, 

0( , )α ν ν  is a symmetric function with respect to 0ν  
(see, for example, the expressions for either Dop-
pler or Lorentz line shapes). Th erefore, by means of 
approximating to the spectral record, represented 
here by ( )i ν  with a symmetric function (e.g., either 
Gaussian or Lorentzian) one can obtain an accurate 
estimate for the central frequency 0 .ν  However, gene-
rally 0( )i ν  is not a constant magnitude, mainly be-
cause of refl ections (standing wave manifestations) 
in the absorbing cell, and therefore it is necessary to 
make account of all terms in Eq. (2). It should be noted 
that although 0( )i ν  is aff ected by frequency depen-
dent traits of the radiation source and the detector, 
the variations due to the standing waves are the most 
rapid and signifi cant ones within a close vicinity of 
the spectral line (which is taken into account in the 
approximating representation of a particular line 
contour). Using the analytical derivative 0( , )α ν ν  as 
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an approximate form of the line contour (modifi ed 
through application of the FM and lock-in detection) 
we follow the procedure further on referred to as the 
"analytical derivative" approach.

In reality, even with a moderate level of refl ections 
in the absorbing cell, the standing wave variations 
may be comparable in magnitude with the strongest 
lines in the molecular spectrum and much larger 
than the spectral variations caused by the absorption 
due to weak lines. To facilitate the spectrum assign-
ment process, some fi ltering of the standing wave 
variations is normally performed at the initial stage 
of processing of the recorded spectrum (using, for 
instance, the Savitsky and Golay smoothing [19]). 
Th e variations remaining aft er this fi ltering of the 
background may be expressed, in a close proximity 
around the line center, as a linear function of fre-
quency, viz. ( ) .cd pν ν  Here cν  is the central fre-
quency of the spectral region being processed in the 
vicinity of the considered line; if needed, we can in 
fact use a quadratic or even a cubic polynomial here. 
Th is polynomial will correspond to the fi rst term 
of Eq. (2). If there were no second term in Eq. (2), 
the line contour would still be symmetric with re-
spect to the residual baseline represented by the term 

( ) .cd pν ν  However, the second term of Eq.  (2) 
contains a small contribution from the initial line-
shape which destroys the symmetry of the observed 
line contour. Th e main problem here is that a priori 
the relative importance of the second and the last 
term in Eq.  (2) is unknown. To overcome this dif-
fi culty, we propose to include their ratio to the list 
of parameters to be fi tted and determine it from the 
asymmetry of the line contour observed. Let us de-
note this ratio as r, then the lineshape approximating 
function 0( , )S ν ν  may be expressed as

0 0 0( , ) ( ) ( , ) ( , ).cS d p rν ν ν ν α ν ν α ν ν   (3)

Th us, in the course of spectrum record processing 
we will also determine, in addition to parameters of 
the line shape function 0( , ),α ν ν  the parameters d 
and p of the linear function which takes into account 
the residual baseline variations in a close proximity 
around the line center, as well as the parameter r, 
making account of the line shape distortions due to 
refl ections in the absorbing cell.

Th e proposed approach performs data treatment 
in the frequency domain and allows taking into ac-
count the line shape distortions due to standing 

waves. It should be noted that a time domain analysis 
of standing wave-produced distortions in the sine-
wave-FM signal was considered in [15]. Compared 
with paper [15], the approach proposed here is simpler 
computationally and, in addition, can be expanded 
rather easily to the case of the square-wave FM.

3. Line shape modifi cation due 
to square-wave-FM

As has been mentioned, the spectrometer operates 
with a FM source of radiation. A frequency — modu-
lated signal with a carrier 0f  is characterized by 
the modulation frequency modF  and modulation 
depth .fΔ  Usually, fΔ  is chosen to be considerably 
greater than mod .F  Consider now some features of 
the square-wave FM signal whose simulated spec-
trum, with mod/ 6,f FΔ  is shown in Fig.  2. First 
of all, the spectrum contains only odd harmonics of 
the modulation frequency modF  (see Fig. 2, a). Th e 
absence of even harmonics suggests that the lock-in 
detector should operate at the fi rst harmonic of the 
modulation frequency. For comparison, in Fig. 2, b, 
a spectrum of a sine-wave-FM signal with the same 

   a

   b
Fig. 2. Sample spectra of square-wave- and sine-wave-frequency 
modulated signals 
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modulation depth (amplitude of frequency varia-
tion) is shown. It is evident that the spectrum of the 
square-wave-FM signal is rather diff erent from the 
usual sine-wave-FM one. Th is diff erence should be 
taken into account for a proper analysis of the line 
shapes observed.

As can be seen from Fig. 2, the square-wave-FM 
signal contains two intense components shift ed by 

fΔ  from the central frequency 0 .f  With some level 
of approximation, these two components allow us 
to replace an analytical expression for the line shape 
derivative by its numerically calculated approximate 
form. Th e molecular spectrum is recorded by means 
of a step-by-step source frequency scanning. At each 
frequency point, the lock-in detector measures the 
diff erence between two values on the line contour 
corresponding to the two strongest spectral compo-
nents of the source. Th is gives the numerical value of 
the line shape derivative with the digitization interval 
of 2 .fΔ  Th erefore, in the case of a square-wave- FM 
signal as the numerically calculated derivative of the 
line shape the following expression may be applied:

0 0
0

( , ) ( , )
( , ) .2

f f
f

α ν Δ ν α ν Δ ν
α ν ν

Δ
  (4)

By combining Eq. 3 and Eq. 4 the approximating 
function for the line contour processing may be fi -
nally expressed as follows:

0 0

0 0

( , ) ( ) ( , )
( , ) ( , )

.2

cS d p r
f f

f

ν ν ν ν α ν ν

α ν Δ ν α ν Δ ν

Δ
  (5)

We would like to remind that the linear term 
( )cd pν ν  with fi tted parameters d and p com-

pensates baseline variations in a close proximity of 
the line center 0 .ν  Th e term 0( , )rα ν ν  takes standing 
wave distortions into account, with r being a fi tted 
parameter. Modulation depth fΔ  is preset at the 
stage of measurements and during the fi t this para-
meter is known and fi xed at the experimental value. 
Actual form of the lineshape function 0( , )α ν ν  is 
chosen depending on the experimental conditions.

Application of Eq.  (5) to line contour approxi-
mation in the course of spectrum record processing 
constitutes the essence of proposed in this work ap-
proach. For convenience, we will call our approach as 
"numerical derivative" approach (basing on the way 
the modulation line shape modifi cations are repre-

sented in Eq.  (5)). Th is naming convention is also 
selected to underline an opposition to "analytical 
derivative" approach with which we compare our 
new approach.  

4. Low pressure case: 
Doppler-limited resolution

One of the simplest cases corresponds to the Dop-
pler-limited resolution measurements performed at a 
rather low pressure of molecular gas in the absorbing 
cell. Our tests for the OCS molecule have shown that 
this regime is achieved with the molecular gas sample 
pressures of order of 10–6 bar. Under such experi-
mental conditions the observed line shape is de-
scribed with the Gaussian function:

2
0

0 0 2
( )( , ) ( , ) exp ln2 ,
( )D

G A ν ν
α ν ν ν ν

Δν
  (6)

where A is the amplitude of the line, 0ν  is the cen-
tral frequency, and DΔν  is the Doppler linewidth. 
Th e fi nal expression for the approximation function 
is obtained by combining Eq. (6) and Eq. (5):

0 0

0 0

( , ) ( ) ( , )
( , ) ( , )

,2

cS d p rG
G f G f

f

ν ν ν ν ν ν

ν Δ ν ν Δ ν

Δ

where 0, , , , , Dd p r A ν Δν  are the fi tted parameters. 
Parameter fΔ  is preset at the stage of measurements 
and it is fi xed during the fi t.

In order to test the proposed approach, we recor-
ded, with a Doppler-limited resolution, the J   5 — 4 
transition of the OCS molecule with diff erent modu-
lation parameters and standing wave distortions. Th e 
standing wave distribution was changed by means 
of displacement of the receiving horn in the spec-
trometer. Sample pressure in the absorbing cell was 
kept as low as approximately 10–6 bar that allowed 
us to reach Doppler limited resolution correspon-
ding to the Gaussian lineshape. Modulation parame-
ters (modulation depth )fΔ  were varied within the 
wide range from fΔ  2 kHz to fΔ  128 kHz. Some 
typical examples of recorded lines with corresponding 
line contour approximations are shown in Fig. 3. Note 
that relatively low signal-to-noise ratio observed for 
some records of the OCS line (which is in fact rather 
intense) at Fig. 3 is a consequence of a combination 
of the rather low pressure with the small fΔ  values. 
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Th e measured transition frequency for this line is 
OCSν  60 814.2691(5) MHz. Th is value was obtained 

by averaging all our measurements which charac-
terized by a good signal-to-noise ratio for this line. 

In Fig. 3, the gray solid line 1 represents corre-
sponding experimental record of the OCS line. In 
the same place, the black solid line is the result of 
approximation obtained using the proposed new ap-
proach. For comparison, the black dash line gives 
the result of approximation which employs analy-
tical derivative of the Gaussian line shape function. 
Th e analytical derivative of the line shape function 
doesn’t take possible asymmetry of the line contour 
due to standing wave eff ect as well as modulation 
distortions caused by the fi nite value of the modu-
lation depth into account. Th e larger value of the 
modulation depth we use in our experiment the larger 
diff erence is observed between the "analytical deri-
vative" and "numerical derivative" approaches, with 
the most illustrative example given at Fig. 3, c. Line 2 
represents the residuals of the fi t for the "numerical 
derivative" approach, while line 3 gives the residuals 
for the "analytical derivative" approach.

Central line frequencies obtained from the least 
squares approximation using both approaches de-
scribed above for a number of spectrum records with 
diff erent modulation and standing wave conditions 
are collected in Table. For the convenience of further 
discussion, the numbering of the rows is given in 
the fi rst column of Table. Columns 2 and 3 of Table 
contain the values of central line frequency expν  and 
corresponding residual exp OCSν ν  obtained using 
the "analytical derivative" approach. Columns 5 and 
6 give the same information obtained using the "nu-
merical derivative" approach. Columns 4 and 7 give 
approximation results for the Doppler width para-
meter DΔν  obtained, respectively, with the "analy-
tical" and "numerical" approaches.

Th e measurement results of Table may be divided 
into three groups. Group one (rows from 1 to 7) pre-
sents results for the spectral records showing a sig-
nifi cant asymmetry due to the standing wave eff ect. 
Th ese are illustrated by Fig. 3, a and Fig. 3, b corre-
sponding to rows 2 and 6 of Table. As can be seen, 
our approach provides a good fi t to the line contours, 
whereas the "analytical derivative" approach fails to 

                                                           a                                                                                                                b

                                                           c                                                                                                                d

Fig. 3. Records of the J  5—4 transition of the OCS molecule obtained with diff erent distribution of standing wave in the absorbing 
cell and with diff erent modulation depths (see text for further details). In all fi gures amplitude is in relative units
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reproduce the asymmetry observed. As a result, the 
deviations from the averaged value OCSν  are of the 
order of 1 kHz (see column 6) within the "numerical 
derivative" approach, while in the case of an "analytical 
derivative" the deviations observed reach values up 
to 12 kHz (see column 3). Th us, the "numerical deri-
vative" approach allows reducing the errors of frequ-
ency determination at least by an order of magnitude.

Group two (rows from 8 to 10, emphasized with 
bold script), presents results for the spectral records 
obtained with rather high modulation-caused dis-
tortions. An example of such a record is given in 
Fig. 3, c (it corresponds to row 9 of Table). It is seen 
that the "analytical derivative" approach is not capa-
ble of reproducing the line contour observed, where-
as fi tting with the use of the "numerical derivative" 
approach demonstrates a very nice quality of approxi-
mation (Fig. 3, c, curve 2). Again, for the "numerical 
derivative" approach the deviations from the average 

value are of the order of 1 kHz (see column 5), which 
demonstrates capability of the technique to correctly 
take into account even signifi cant modulation-pro-
duced distortions.

Group three (rows from 11 to 23, given in italic) 
presents results for the recorded spectra which can 
be reproduced rather well with either one of the ap-
proaches. Th ese are the records for which neither the 
modulation, nor the standing wave-produced distor-
tions are that signifi cant. An example of one such re-
cord is presented in Fig. 3, d. From the modulation 
point of view, it means that the modulation depth is 
lower than the spectral line width. In what concerns 
the standing waves, it corresponds to the case when 
the line position coincides with either a maximum 
or a minimum of the standing wave existing in the 
absorbing cell (thus making the 0( )i ν  term in Eq. (2) 
close to zero and removing the asymmetry-caused 
contribution from the line contour). While in this 

Results of measurements of the OCS J  5—4 transition frequency

Row number
"Analytical derivative" approach, MHz "Numerical derivative" approach, MHz

nexp nexp — nOCS D nd nexp nexp — nOCS D nd 
1 2 3 4 5 6 7

1 60814.2620 –0.0071 0.0627 60814.2704 0.0013 0.0501
2 60814.2569 –0.0122 0.0637 60814.2683 –0.0008 0.0514
3 60814.2609 –0.0082 0.0640 60814.2693 0.0002 0.0515
4 60814.2595 –0.0096 0.0647 60814.2689 –0.0002 0.0514
5 60814.2647 –0.0044 0.0636 60814.2692 0.0001 0.0521
6 60814.2626 –0.0065 0.0607 60814.2675 –0.0016 0.0502
7 60814.2652 –0.0039 0.0622 60814.2679 –0.0012 0.0515
8 60814.2656 –0.0035 0.1828 60814.2680 –0.0011 0.0513
9 60814.2666 –0.0025 0.1815 60814.2688 –0.0003 0.0519

10 60814.2670 –0.0021 0.1868 60814.2691 0.0000 0.0519
11 60814.2678 –0.0013 0.0616 60814.2684 –0.0007 0.0506
12 60814.2708 0.0017 0.0615 60814.2697 0.0006 0.0511
13 60814.2708 0.0017 0.0627 60814.2690 –0.0001 0.0509
14 60814.2710 0.0019 0.0617 60814.2691 0.0000 0.0510
15 60814.2711 0.0020 0.0631 60814.2698 0.0007 0.0514
16 60814.2687 –0.0004 0.0668 60814.2690 –0.0001 0.0506
17 60814.2679 –0.0012 0.0867 60814.2690 –0.0001 0.0513
18 60814.2690 –0.0001 0.0876 60814.2698 0.0007 0.0525
19 60814.2700 0.0009 0.0642 60814.2700 0.0009 0.0523
20 60814.2700 0.0009 0.0679 60814.2697 0.0006 0.0517
21 60814.2712 0.0021 0.0619 60814.2699 0.0008 0.0512
22 60814.2703 0.0012 0.0621 60814.2694 0.0003 0.0505
23 60814.2701 0.0010 0.0678 60814.2700 0.0009 0.0516
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case both approaches give rather similar results (as 
can be seen from columns  3 and 6 of Table), still 
the "numerical derivative" approach demonstrates 
somewhat smaller deviations from the averaged 
value OCSν  60 814.2691(5) MHz.

It should be noted that in routine measurements 
performed with our spectrometer, both the standing 
wave-conditioned and the modulation-produced 
distortions lead to frequency determination errors 
up to  10 kHz, even at a low level of refl ections in the 
absorbing cell. By carefully adjusting the standing 
wave’s distribution (by means of displacing the re-
ception horn in the spectrometer) we can reduce this 
error down to 1 kHz. However, that would require an 
enormous amount of time since each line should be 
adjusted individually. Th e proposed approach allows 
us to solve the standing wave problem without tedious 
manual adjustments of the spectrometer confi gu-
ration and to reduce the frequency determination 
error down to  1 kHz for a rather strong isolated 
spectral line.

Finally, let us discuss the approximation results 
for the Doppler width parameter DΔν  as obtained 
within both approaches. Th e Doppler line width may 
be calculated using the well-known expression [20]:

70
0

2 ln2 3.575 10 ,D
NkT T

c M M
ν

Δν ν   (7)

where T is temperature (K); M is molar mass of the 
molecule (g/mol); 0ν  the spectral line’s central fre-
quency (MHz); N the Avogadro number; k the Boltz-
mann constant, and c is the velocity of the radiation 
(usually this is the speed of light). For the OCS line 
at OCSν  60 814.2691(5) MHz we obtained the value 
of DΔν   0.0486  MHz (assuming T    300  K). It is 
seen from the 7th column of Table that the "numerical 
derivative" approach gives nearly the same value of 

DΔν  for all measurements, irrespective of the modu-
lation and standing wave conditions, and the value 
is rather close to the theoretical prediction provided 
by the above given expression. We attribute the dis-
crepancy of several kHz between experiment and 
theory to the residual eff ects of collisional broadening, 
in particular due to collisions with the cell walls. 
As concerns the "analytical derivative" approach, it 
is seen from the 4th column of Table 1 that the fi t-
ted results for DΔν  are far from being satisfactory, 
especially for the second group of measurements that 
demonstrated signifi cant modulation distortions. 

Th us, we may conclude that the "numerical deriva-
tive" approach gives an opportunity to properly sepa-
rate the additional broadening of the observed lines 
that is due to modulation eff ects.

5. Intermediate pressure case: 
Voigt profi le

In routine investigations of molecular spectra the low 
pressure regime is not employed because it may signi-
fi cantly limit intensities of the observed lines. Usually, 
higher pressures are applied in the experiments in 
order to provide for balance between spectral resolu-
tion (limited by line broadening) and measurement 
sensitivity (note that higher sample pressures mean 
larger numbers of molecules that interact with the 
radiation). In the most common case, the contribu-
tions from the Doppler-line broadening and the col-
lisional broadening are of comparable orders of mag-
nitude. Accordingly, in the fi rst-order approximation 
the observed line shape can be described by Voigt’s 
profi le which is a convolution of the Gaussian and 
the Lorentzian function [21], 

0
2

3/2 2 2
0

( , )

ln2( ) exp[ ln2( / ) ]
.

( ) ( ) ( )
L D

D L

V

t
A dt

t

∞

∞

ν ν

Δν Δν

π Δν ν ν Δν

Analytical expression for Voigt function contains 
integration which complicates its application. As is 
known, the numerical convolution process is com-
putationally rather expensive. For this reason a num-
ber of approximations of the Voigt function that are 
more convenient  computationally were proposed, 
e.g. [21—23]. We will apply an effi  cient analytical ap-
proximation for the Voigt function described in [22]. 

In order to obtain an approximating function for 
spectrum record processing let us substitute the ex-
pression for Voigt’s profi le into Eq. (5) :

0 0

0 0

( , ) ( ) ( , )
( , ) ( , )

,2

cS d p rV
V f V f

f

ν ν ν ν ν ν

ν Δ ν ν Δ ν

Δ
  (8)

where the parameters to be fi tted are 0, , , , , .Ld p r A ν Δν  
Th e parameter DΔν  is fi xed at the calculated value 
level as obtained with the use of the theoretical ex-
pression for the Doppler linewidth [20] (see Eq. 7 in 
the previous section). Th e fΔ  parameter is preset 
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at the stage of measurements, and hence is also kept 
fi xed during the fi tting process. 

In Fig. 4 we present the records of several spectral 
lines belonging to the dimethyl ether molecule, and 
the corresponding approximations derived within 
the "numerical derivative" approach. Th e gray solid 
line 1 represents the experimental record and the 
black solid line nearby demonstrates the result of ap-
plying the "numerical derivative" approach. Line  2 
represents the residual between experiment and ap-
proximation. A typical record for an isolated line is 
presented in Fig. 4, a. As follows from the residual 
between experiment and approximation, the pro-
posed approach ensures a good fi t to the observed 
line contour. In Fig. 4, b we show an example of two 
adjacent lines with slightly overlapping contours. Th e 
extension of the model to the case of two lines pro-
cessed simultaneously is quite obvious; we just add to 
Eq. (8) a new Voigt function with a central frequen-
cy and amplitude of its own. Again the residual be-
tween experiment and approximation demonstrated 
in Fig. 4, b represents just noise. Th us, we can con-
clude that the Voigt profi le calculated with the use 
of the analytical approximation of Ref. [22] (in com-

bination with the "numerical derivative" approach) 
off ers satisfactory results and proves to be applicable 
for line contour approximations in the case where 
contributions from the Doppler and the collisional 
line broadening mechanisms are comparable.

It should be noted that more sophisticated line 
shape functions are known, which take into account 
higher-order physical eff ects such as speed chang-
ing collisions that may lead to the so-called Dicke 
narrowing, or the dependence of collisional relaxa-
tion rates upon molecular velocities. Among such 
models one can refer to the speed dependent Voigt 
profi le or the Galatry profi le [18]. Consideration of 
these line shape functions is appropriate when the 
lines with a high signal-to-noise ratio are observed 
and deviations from the Voigt profi le become evi-
dent (see e.g. [18]). An example of such case is pre-
sented in Fig. 4, c where the residuals for the fi t using 
Voigt profi le are scaled by a factor of 10 and we see 
some oscillating deviation from a straight line for 
the residual between experiment and approxima-
tion. Fig. 4, d, which presents a weaker line with resi-
duals also scaled by a factor of 10, illustrates the 
fact that such oscillating deviation may indeed be 

                                                           a                                                                                                                b

                                                           c                                                                                                                d
Fig. 4. Records of several dimethyl ether lines and the corresponding approximations obtained within the "numerical derivative" 
approach with Voigt’s line shape function. Th e amplitudes are expressed in relative units throughout
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observed only in the case of a rather high signal-to-
noise ratio. It is obvious from the two above consi-
dered cases (Doppler’s and Voight’s profi les) that our 
"numerical derivative" approach does not impose any 
restrictions on the line shape functions for 0( , ).α ν ν  
At the same time, for a majority of the spectral lines 
observed the Voigt profi le function gives rather good 
results, which is the reason why we do not consider 
in this paper application of more sophisticated (and 
more computationally expensive) model functions.

6. Sub-Doppler spectroscopy 
with Lamb-dip observation

Th e Lamb-dip observation is a powerful tool for en-
hancing the spectral resolution and measurement 
accuracy [11—14]. When this technique of achieving 
sub-Doppler spectral resolution is applied the line 
contour may be considered as a Lamb-dip record ob-
served against the background of a Doppler broad-
ened line. Th e Lamb-dip contour may be well repre-
sented by the Lorentz function: 

0 2 2
0

( , ) ,
( ) ( )L

BL ν ν
ν ν Δν

  (9)

where B is the amplitude of the Lamb-dip, and LΔν  
is the width of the Lamb-dip. In the simplest case, as-
suming an absence of the hyperfi ne structure of the 
transition, the Lamb-dip record should be fi tted to a 
sum of both the Gauss and Lorentz functions, each 
having the same central frequency but an amplitude 
of its own (combining Eq. (6) and Eq. (9)):

0 0 0( , ) ( , ) ( , ).G Lα ν ν ν ν ν ν   (10)

Th en fi nal expression of the function for line shape 
approximation in the case of sub-Doppler reso-
lution measurements with Lamb-dip observation is 
obtained by combining Eq. (10) with Eq. (5):
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where fi tted parameters are the following d, p, r, A, 
B, n0 , D nD , D nL . As previously, the parameter fΔ  
is preset at the stage of measurements and it is fi xed 

during the fi t. In the case when multiple Lamb dips 
are resolved the model is extended by adding to the 
expression  (11) of required quantity of Gauss and 
Lorentz terms with their own central frequencies 
and amplitudes.

Expression (11) was applied for the fi tting of the 
Lamb-dip record of the CO molecular line presented 
in Fig. 5. Here, the experimental record and the re-
sult of approximation are shown with gray and black 
solid lines respectively. For comparison, "analytical 
derivative" which doesn’t take standing wave and 
modulation distortions into account is shown with 
the dash line. Th e residuals for the two types of ap-
proximation are also given in Fig. 5 (curve 2 for the 
"numerical derivative" approach and curve 3 for the 
"analytical derivative" approach). It is evident that 
the agreement between experiment and approxima-
tion is very good for the "numerical derivative" ap-
proach and have noticeable problems in the case of 
the "analytical derivative" approach. Such problems 
in Lamb-dip approximation may increase the fre-
quency determination error up to several kHz. 

Th us, the proposed "numerical derivative" ap-
proach gives a considerable improvement of the fi t 
quality, which allows us to minimize frequency de-
termination errors and to improve the spectral res-
olution by a proper account for the additional broa-
dening caused by modulation eff ects. It should be 
noted that owing to a very small width of a Lamb-dip 

Fig. 5. Th e Lamb dip record of the J   1 ← 0 transition of the 
CO molecule (gray solid line). Black solid line 1 is the result of 
approximation of the record using the "numerical derivative" 
approach. Black dashed line represents the approximation 
with the "analytical derivative" approach (standing wave eff ects 
are not taken into account). Curve 2 gives the residual for the 
proposed "numerical derivative" approach (contains mainly 
noise). Curve 3 gives the residual of the fi t that does not take the 
infl uence of standing wave in the cell into account

(11)
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the modulation distortions may be quite noticeable 
even for a rather low modulation depth. Although 
the proposed approach takes large modulation dis-
tortions into account, in order not to hamper the 
resolution of the Lamb-dip technique we are choos-
ing the value of the full modulation depth 2 fΔ  to 
be not larger than the full width of the Lamb-dip. 
Th e frequency of the J  1 ← 0 CO rotational tran-
sition obtained using the "numerical derivative" ap-
proach is 115  271.2022(5) MHz. Th is value is in a 
good agreement within a confi dence interval with pre-
viously measured value of 115 271.2018(5) MHz [11].

Conclusions

Th e application of direct digital synthesizers in micro-
wave spectroscopy allows implementing the square-
wave-FM technique with modulation parameters 
known to a high accuracy. To take the full advan-
tage of this technical solution we have introduced 

an improved theoretical model for spectral record 
processing. Th e model proposed allows taking into 
account both the distortions owing to refl ections in 
the absorbing cell and the modulation-produced dis-
tortions resulting from application of a square-wave-
FM signal. As has been shown, this new approach 
may be equally well applied in the cases of Doppler 
limited spectral resolution, sub-Doppler resolution 
measurements with a Lamb-dip technique, and rou-
tine measurements when the Doppler and the col-
lisional broadening eff ects are of comparable orders 
of magnitude. Our experimental tests suggest that 
with the new approach the frequency determination 
error may be reduced to  0.001 MHz for the lines 
recorded with moderate signal-to-noise ratios.
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ПРЯМОКУТНА ЧАСТОТНА МОДУЛЯЦІЯ В МІКРОХВИЛЬОВІЙ СПЕКТРОСКОПІЇ

Предмет і мета роботи. Техніка частотної модуляції (ЧМ) у поєднанні з синхронним детектуванням, що використовується 
для підвищення чутливості в мікрохвильовій спектроскопії, а також ефекти стоячої хвилі в поглинальній кюветі призво-
дять до спотворень форми спостережуваних спектральних ліній. Щоб отримати з експерименту дані найвищої точності, 
ці спотворення мають бути враховані. Підвищення точності можна здійснити шляхом апроксимації експериментального 
контуру лінії за допомогою теоретичної форми лінії, що враховує спостережувані спотворення. У літературі наводяться 
детально розроблені теоретичні вирази для форми лінії в разі синусоїдальної ЧМ. Метою роботи є розробка відповідних 
виразів для сигналу з прямокутною ЧМ, що дозволять підвищити точність вимірювань.

Методи та методологія. Для отримання сигналу прямокутної ЧМ було застосовано синтезатор прямого цифрового син-
тезу частоти, котрий забезпечував перемикання між двома частотами, що відомі з високою точністю. Таке рішення дозво-
лило генерувати ЧМ-сигнал із прецизійно заданими параметрами.

Результати. Запропоновано вираз, що базується на чисельно отриманій похідній від форми лінії, котрий здатен врахову-
вати основні типи спотворень записів спектральних ліній. Розглянуто випадки різних експериментальних умов, включно з 
субдоплерівськими вимірюваннями зі спостереженням провалу Лемба.

Висновок. Запропонований підхід дозволяє належним чином ураховувати спотворення форми спектральних ліній, що 
виникають при застосуванні прямокутної ЧМ, а також під впливом стоячої хвилі у вимірювальній кюветі. Застосування 
такого підходу до експериментальних записів спектра з різними параметрами модуляції показало, що для ліній, отриманих 
із суттєвим значенням співвідношення сигнал/шум, похибки визначення частоти можуть бути зменшені до  0.001 МГц.

Ключові слова: мікрохвильовий спектрометр, міліметровий спектр, точність вимірювань, спектральні лінії.


