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THE NARROW-BAND FILTER BASED 
ON A MAGNETOPHOTONIC CRYSTAL INVOLVING LAYERS 
WITH HYPERBOLIC DISPERSION LAWS

Subject and Purpose. Narrow-band fi lters are among the basic components of modern communication systems, instruments for spectros-
copy, high-sensitivity sensors, etc. Photonic crystal structures open up broad possibilities for creating compact-sized, narrow-band fi lters 
in the optical and terahertz ranges. Tuning of spectral characteristics of photonic crystal fi lters is usually carried out through introduction 
of certain elements into their structure that are sensitive to external electric and magnetic fi elds. Th is work has been aimed at investigating 
electrodynamic characteristics of one-dimensional magnetophotonic crystals with structural layers characterized by "hyperbolic" disper-
sion, and suggesting a multichannel, narrow-band fi lter on their base.

Methods and Methodology. Th e dispersion equation for excitations in an infi nite magnetophotonic crystal has been obtained within 
the framework of the Floquet-Bloch theory, with the use of fundamental solutions of Hill’s equation. Th e transfer matrix approach has 
been used to obtain an analytical expression for the transmission coeffi  cient. 

Results. Th e band diagram of the one-dimensional magnetophotonic crystal has been analyzed for the case where one of the layers 
on the structure’s spatial period is characterized by a hyperbolic dispersion law. Th e areas of existence of surface wave regimes have been 
found for such layers for the case of normal incidence of the wave upon the fi nite-seized magnetophotonic crystal. Frequency dependences 
of the transmission coeffi  cient are characterized by a set of high-Q resonant peaks relating to Fabry-Perot resonances in a periodic struc-
ture of fi nite length.

Conclusions. Application of a fi nite-seized, one-dimensional magnetophotonic crystal is considered as of a means forachieving mul-
tichannel optical fi ltering and formation of a frequency comb. Expressions for the dispersion equation and transmission coeffi  cient have 
been obtained within the framework of the Floquet-Bloch theory and with the use of the transfer matrix. Th e feasibility of surface mode 
excitation has been shown for gyrotropic layers of the periodic structure characterized by a hyperbolic dispersion law, for the case of nor-
mal incidence upon the magnetophotonic crystal. Th e spectral response of the fi lter contains narrow-band peaks with a high transmission 
effi  ciency. By increasing the number of the structure’s periods it is possible to form a frequency comb, which eff ect can be useful for appli-
cations in metrology and modern optical communication systems.

Keywords: magnetophotonic crystals, hyperbolic media, narrow-band fi ltering, frequency comb, dispersion characteristics, surface 
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Introduction
Photonic crystals which are inherently artifi cial di-
electrics characterized by periodic modulation of 
their material parameters are widely used for con-
trolling propagation characteristics of electromag-
netic excitations [1—3]. Th is functionality of pho-
tonic crystals owes to the presence of a photonic 
band where the propagation is prohibited. Th e om-
nidirectional band gap is the key property to allow 
localization of electro-magnetic energy within de-
fects of periodicity.

Both dielectric and metallic photonic crystal struc-
tures can provide possibilities for creating a broad 
range of devices that permit controlling a variety of 
characteristics of optical or microwave signals [4—6]. 
Photonic crystal waveguides and resonators can be 
relatively easily implemented in various integrated 
systems [7—12]. One-dimensional photonic crys-
tals are the simplest version of periodic structures, 
both from the point of manufacturing technologies 
and theoretical study of their performance charac-
teristics.

Th e one-dimensional magnetophotonic crystals 
(MPhCs) contain layers of materials that are sensi-
tive to an external magnetic fi eld [13—15]. Th us, it is 
possible to control the characteristics of such struc-
tures and create various tunable devices exploiting 
their properties, such as waveguides, resonators, fi l-
ters, circulators, insulators, etc. [16—19]. Th e tenso-
rial nature of their permittivity and magnetic perme-
ability is a characteristic feature of magneto-optical 
media. In addition, the one-dimensional photonic 
crystals allow formation of materials with unusual 
electrodynamic properties (metamaterials). A promi-
sing direction of such studies is represented by the 
so called hyperbolic media for which isofrequency 
surfaces in dispersion law representations are hy-
perboloids [20—23]. Th erefore, such materials pro-
vide support for large wave numbers, which opens 
up possibilities for a variety of practical applications.

Th e combined use of photonic crystal waveguides 
and resonators provides a basis for implementing 
fi ltering functions. Photonic crystal resonators 
demonstrating high Q-factors open up possibilities 
for narrow-band signal fi ltering, which is especially 
important for telecommunication systems, sensors, 
spectroscopy, etc. [24—33]. Th e waveguides and reso-
nators required for the purpose are implemented 

through formation of linear and local periodicity 
defects in the photonic crystals. Th e fi lters based on 
one-dimensional photonic crystals usually involve 
the resonators that are formed by a defective layer 
surrounded on both sides by multilayered periodic 
structures [34—36].

In this paper, we propose a diff erent approach to 
the implementation of a multichannel, narrow-band 
fi lter based on the one-dimensional photonic crystal. 
Th e fi lter is based on a fi nite-seized one-dimension-
al magnetophotonic crystal involving no periodicity 
defects. Th e necessary spectral characteristics of the 
fi lter are provided by the presence of layers with hy-
perbolic dispersion laws, which are alternated with 
dielectric layers. Th e surface wave regimes realiz-
able in the "hyperbolic" layers of the structure have 
allowed obtaining narrow-band transmission zones 
characterized by a high transmission coeffi  cient.

1. Basic theoretical relations
Figure 1 shows a schematic of the one-dimensional 
MPhC under consideration, within an appropriate 
coordinate system. Th e periodic structure consists of 
an alternating sequence of gyrotropic and dielectric 
layers (designated by numbers 1 and 2, respectively). 
Th e permittivity of a "hyperbolic" gyrotropic layer of 
thickness a is described by the tensor
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Th e isotropic dielectric layers are characte-
rized by thickness b and permittivity 2ε  12 (also, 

2 1 1).μ μ   Within the framework of a two-di-
mensional approximation, the two polarizations of 

Fig. 1. Schematic of the 1D magnetophotonic crystal
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the radiation of interest can be considered separately. 
As a result, the Helmholtz equations for the TE-po-
larized (Hz -polarized) wave modes existing in layers 
1 and 2 of the periodic structure can be written as 
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Here 12∞ε   is the high frequency permittivity; e 
and 0m  are the charge and mass of the electron; 0m  
is the electron’s eff ective mass; cω  is the gyromag-
netic frequency; B0 is the external magnetostatic fi eld 
induction; 0N  is the electron concentration, and pω  
is the plasma frequency of the gyrotropic layer.

Th e magnitudes of the tangential electric compo-
nent yE  taken in the periodic structure’s layers can 
be expressed via the zH  component as 
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where b is the propagation constant.
Similar relations for the other (namely, Ez ) polar-

ization can be obtained through the use of the per-
mutative duality principle. 

Th e modal equation for TE waves in an infi nite 
MPhC with gyrotropic layers can be derived, based 
on the Floquet-Bloch method. By applying the repre-
sentation ( ) i y

zH X x e β  it is possible to reduce the 
Helmholtz equations toHill’s equations like 
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where the subscript 1,2j   denotes the layer number 
and jξ  is the transverse wave number in layer j, so
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Any solution to Eq. (1) can be expressed as a lin-
ear combination of the two fundamental solutions 

1( )xψ  and 2( )xψ  of the Hill equation, 

1 2( ) ( ) ( ).X x A x B xψ ψ 

Analytical expressions for the functions 1( )xψ  
and 2( )xψ  for each layer on the structure’s period 
can be obtained as solutions of the third boundary-
value problem [23],
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Application of the Floquet theorem results in a set 
of homogeneous equations for the function ( )X x  
formulated at boundaries of structural layers, 
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where r is the Floquet factor which satisfi es the cha-
racteristic equation:

2 2 1 0.HAρ ρ     (4)

Here 1 2 2( ) ( ) /HA L Lψ ψ ε    is Hill’s discrimi-
nant [37]. By solving Eq. (4) with account of expres-
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sions (2) and (3) we arrive at a dispersion equation 
for Bloch’s wave number K for the infi nite-seized 
MPhC, 
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It is worth noting that the dispersion equation 
Eq. (5) is the same as the equation obtained in paper 
[38] by the well-known transfer matrix method.

Upon applying the proper boundary conditions 
to the fundamental solutions we obtain a matrix 
equation relative tangential fi eld components at the 
boundaries of the fi nite-sized photonic crystal con-
taining N periods, 
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Proceeding from Eq. (6) and the relevant boun-
dary conditions one can write down the matrix equa-
tion allowing to fi nd the refl ection and transmission 
coeffi  cients, specifi cally 
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with 2 2
0 .kξ β   Th en the transmission coeffi  -

cient of the structure can be written as [39]
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2. Analysis of results
First we consider dispersion properties of the gyro-
tropic medium which forms up one of the layers over 
the structure’s period. Th e dispersion relation for an 
infi nite gyrotropic medium can be represented as 

an equation of ellipse in the space of wave numbers, 
specifi cally
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Meanwhile, if we assume one of the diagonal com-
ponents of the permittivity tensor ( xxε  or )yyε  to be 
a negative value, then we arrive at the equation of a 
hyperbola. Shown in Fig. 2 are hyperboloidal isofre-
quency surfaces of two kinds, corresponding to dif-
ferent types of "hyperbolic" media in the general case 
of a three-dimensional wave number space, name-
ly Type I (dual-sheet hyperboloid) and Type II (sin-
gle-sheet hyperboloid) [20]. Equation (8) describes 
traces of these hyperboloids in the x yk k -plane.

Th e unique physical characteristics of "hyper-
bolic" media are conditioned by frequency depen-
dences of the permittivity tensor components. Fig. 3 
shows these dependencies for the diagonal compo-
nents xxε  and yyε  with parameters like 0.4pω   

Fig. 2. Isofrequency surfaces for (a) Type I hyperbolic medium, 
(b) Type II hyperbolic medium

Fig. 3. Diagonal components of the permittivity tensor in depen-
dence on the normalized frequency
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and 0.24.cω   Th e shaded areas indicate diff erent 
types of hyperbolicity. Th e tensor components xxε  
and yyε  can be seen to assume magnitudes of both 
positive and negative signs over the frequency ranges 
under consideration. Th e shaded and the unshaded 
areas in Fig.  4 represent real and purely imaginary 
values of the transverse wave number 1,ξ  respec-
tively, corresponding to transmission and forbidden 
zones in an infi nite "hyperbolic" medium. Naturally, 
these areas also identify existence conditions for bulk 
and surface wave modes in the hyperbolic layers of 
the MPhC under consideration.

It should be noted that we have obtained surface 
wave excitation conditions for the case of normal in-
cidence ( b = 0) of the primary wave on the hyper-
bolic medium. Th e result is unusual, since in a pu-

rely dielectric medium surface wave modes can be 
excited solely under oblique incidence conditions 
[40—43]. 

Analysis of the bulk and surface wave modes of 
the MPhC requires solution of the dispersion Eq. (5). 
Th e dispersion diagram in Fig.  5 shows the results 
for parameter values a = 0.1L ; 12;∞ε   0.4 ;pω   

0.24.cω   Th e shaded areas indicate transmission 
zones of the MPhC, while the unshaded areas cor-
respond to forbidden zones. Th e dashed lines show 
boundaries of regions supporting the "hyperbolic" 
regimes. Evidently, the hyperbolicity of the MPhC 
layers results in appearance of transmission zones 
for surface wave modes in gyrotropic layers of "hy-
perbolic" kind. One of such zones is indicated by an 
arrow in Fig. 5. Th e oblique line in the Figure indi-

Fig.  4.  Dispersion diagram typical of "hyperbolic" gyrotropic 
media

Fig. 5. Dispersion diagram of the 1D magnetophotonic crystal 
containing hyperbolic gyrotropic layers

Fig. 6. Transmission coeffi  cient of a magnetophotonic crystal as 
a function of normalized frequency (N  6)

Fig. 7. Transmission coeffi  cient of a magnetophotonic crystal as 
a function of normalized frequency (N  40)
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cates a light line for the dielectric layer of the MPhC. 
Th us, the transmission zones noted here correspond 
to surface wave modes in "hyperbolic" layers and 
bulk modes in dielectric ones.

Shown in Fig.  6 is the transmittance factor of a 
fi nite-seized MPhC containing six periods (N  6). 
Th e transmission coeffi  cient Eq. (7) has been calcu-
lated for a frequency band corresponding to surface 
wave modes in "hyperbolic" layers. Th ere are (N – 1) 
narrow transmission peaks separated by forbidden 
zones. Th e physical nature of a similar frequency 
dependence stems from Fabry-Perot resonances in 
bounded periodic structures [39]. Th e high Q-factors 
of these resonances allow developing multichannel, 
narrow passband fi lters for optical communication 
systems and other applications. Each transmission 
peak can be regarded as an individual transmission 
channel for the signals of interest. It should be noted 
that other frequency bands corresponding to surface 
wave modes in hyperbolic gyrotropic layers are cha-
racterized by the same spectral properties as shown 
in Fig. 6. Accordingly, these transmission bands can 
be used for narrow passband fi ltering as well.

As can be seen from the dispersion diagram of 
Fig. 5, increasing the incidence angle of radiation 
brings forth a blueward shift  of the transmission 
band under investigation. Furthermore, the trans-
mitted bandwidth gets changed too. Th is physical 
mechanism can provide for fi ne tuning of the fi lter’s 
spectral characteristics. 

Another way to adjust the fi lter characteristics is 
to change the "hyperbolic" layer’s thickness a and 
the external magnetic induction B0 . Th e respective 
calculations show that an increase in the hyperbolic 

layer’s thickness leads to narrowing of the transmis-
sion band of the surface wave modes, up to their com-
plete disappearance. Furthermore, changes of the 
structural layers’ thicknesses can aff ect the isofre-
quency surfaces transformation [44]. By tuning the 
magnetic fi eld it is possible to signifi cantly change 
the dispersion diagram and vary locations of trans-
mission zones for the bulk and surface wave modes. 

It is well-known that the number of transmission 
peaks within the passbands is defi ned by the num-
ber of structural periods. Fig. 7 shows the trans-
mittance of a MPhC involving 40 spatial periods 
(N  =  40). As appears, the spectral characteristic of 
the fi nite-seized MPhC represents in this case a fl at-
top frequency comb with almost uniform spacings.

Consequently, such periodic structures can also be 
used in optical frequency comb generation schemes 
suitable for many applications in metrology and op-
tical communications systems. 

Conclusions
It has been shown that one-dimensional MPhCs con-
taining "hyperbolic" gyrotropic layers can be used 
for multichannel fi ltering and formation of frequen-
cy combs. Th e frequency-domain performance cha-
racterized by high-Q resonances is achieved owing to 
existence of surface wave modes in the "hyperbolic" 
layers. An analytical expression for the transmission 
coeffi  cient has been obtained within the framework 
of the Floquet-Bloch wave method and use of the 
transfer matrix technique. Th e frequency characte-
ristics of the MPhC can be controlled by changing 
the angles of wave incidence, thickness of the "hyper-
bolic" layer and external magnetic induction.
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ВУЗЬКОСМУГОВИЙ ФІЛЬТР НА ОСНОВІ 
МАГНІТОФОТОННОГО КРИСТАЛА, ЩО МІСТИТЬ 
ШАРИ З ГІПЕРБОЛІЧНИМ ЗАКОНОМ ДИСПЕРСІЇ

Предмет і мета роботи. Вузькосмугові фільтри є одними з основних компонентів сучасних систем зв›язку, спектроскопії, 
високочутливих сенсорів тощо. Фотонно-кристалічні структури відкривають широкі можливості для створення компакт-
них вузькосмугових фільтрів оптичного та терагерцового діапазонів. Налаштування спектральних характеристик фо-
тонно-кристалічних фільтрів зазвичай здійснюється шляхом введення в їхню структуру елементів, чутливих до зовніш-
ніх електричних і магнітних полів. Метою даної роботи є дослідження електродинамічних характеристик одновимірного 
магнітофотонного кристала з шарами, які характеризуються гіперболічним законом дисперсії, та створення на цій основі 
багатоканального вузькосмугового фільтра.

Методи та методологія. У рамках методу Флоке–Блоха з використанням фундаментальних розвя’зків рівняння Хілла 
отримано дисперсійне рівняння для нескінченного магнітофотонного кристала. Для отримання аналітичного виразу для 
коефіцієнта пропускання використано метод матриці передачі.

Результати. Проаналізовано дисперсійну діаграму одновимірного магнітофотонного кристала для випадку, коли один 
із шарів на періоді структури характеризується гіперболічним законом дисперсії. Знайдено області існування поверхневих 
хвильових режимів у таких шарах періодичної структури за умови нормального падіння хвилі на скінченний магнітофо-
тонний кристал. Частотні залежності коефіцієнта пропускання характеризуються набором високодобротних резонансних 
піків, що є обумовленими  резонансами Фабрі–Перо в скінченній періодичній структурі.

Висновки. Розглянуто застосування скінченного одновимірного магнітофотонного кристала для оптичної багатока-
нальної фільтрації та формування частотної гребінки. Отримано дисперсійне рівняння та вираз для коефіцієнта пропус-
кання в рамках методу Флоке–Блоха та матриці передачі. Показано можливість реалізації мод поверхневих хвиль у шарах 
періодичної структури, які характеризуються гіперболічним законом дисперсії, за умови нормального падіння хвилі на 
магнітофотонний кристал. Спектральна характеристика фільтра містить вузькосмугові піки з високим коефіцієнтом про-
ходження. Збільшення кількості періодів структури приводить до формування частотної гребінки, яка може бути вико-
ристаною в метрології та сучасних оптичних комунікаційних системах.

Ключові слова: магнітофотонний кристал, гіперболічні середовища, вузькосмугова фільтрація, частотна гребінка, диспер-
сійні характеристики, режими поверхневих хвиль.


