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THE NARROW-BAND FILTER BASED
ON A MAGNETOPHOTONIC CRYSTAL INVOLVING LAYERS
WITH HYPERBOLIC DISPERSION LAWS

Subject and Purpose. Narrow-band filters are among the basic components of modern communication systems, instruments for spectros-
copy, high-sensitivity sensors, etc. Photonic crystal structures open up broad possibilities for creating compact-sized, narrow-band filters
in the optical and terahertz ranges. Tuning of spectral characteristics of photonic crystal filters is usually carried out through introduction
of certain elements into their structure that are sensitive to external electric and magnetic fields. This work has been aimed at investigating
electrodynamic characteristics of one-dimensional magnetophotonic crystals with structural layers characterized by "hyperbolic” disper-
sion, and suggesting a multichannel, narrow-band filter on their base.

Methods and Methodology. The dispersion equation for excitations in an infinite magnetophotonic crystal has been obtained within
the framework of the Floquet-Bloch theory, with the use of fundamental solutions of Hill's equation. The transfer matrix approach has
been used to obtain an analytical expression for the transmission coefficient.

Results. The band diagram of the one-dimensional magnetophotonic crystal has been analyzed for the case where one of the layers
on the structure’s spatial period is characterized by a hyperbolic dispersion law. The areas of existence of surface wave regimes have been
found for such layers for the case of normal incidence of the wave upon the finite-seized magnetophotonic crystal. Frequency dependences
of the transmission coefficient are characterized by a set of high-Q resonant peaks relating to Fabry-Perot resonances in a periodic struc-
ture of finite length.

Conclusions. Application of a finite-seized, one-dimensional magnetophotonic crystal is considered as of a means forachieving mul-
tichannel optical filtering and formation of a frequency comb. Expressions for the dispersion equation and transmission coefficient have
been obtained within the framework of the Floquet-Bloch theory and with the use of the transfer matrix. The feasibility of surface mode
excitation has been shown for gyrotropic layers of the periodic structure characterized by a hyperbolic dispersion law, for the case of nor-
mal incidence upon the magnetophotonic crystal. The spectral response of the filter contains narrow-band peaks with a high transmission
efficiency. By increasing the number of the structure’s periods it is possible to form a frequency comb, which effect can be useful for appli-
cations in metrology and modern optical communication systems.
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Introduction

Photonic crystals which are inherently artificial di-
electrics characterized by periodic modulation of
their material parameters are widely used for con-
trolling propagation characteristics of electromag-
netic excitations [1—3]. This functionality of pho-
tonic crystals owes to the presence of a photonic
band where the propagation is prohibited. The om-
nidirectional band gap is the key property to allow
localization of electro-magnetic energy within de-
fects of periodicity.

Both dielectric and metallic photonic crystal struc-
tures can provide possibilities for creating a broad
range of devices that permit controlling a variety of
characteristics of optical or microwave signals [4—6].
Photonic crystal waveguides and resonators can be
relatively easily implemented in various integrated
systems [7—12]. One-dimensional photonic crys-
tals are the simplest version of periodic structures,
both from the point of manufacturing technologies
and theoretical study of their performance charac-
teristics.

The one-dimensional magnetophotonic crystals
(MPhCs) contain layers of materials that are sensi-
tive to an external magnetic field [13—15]. Thus, it is
possible to control the characteristics of such struc-
tures and create various tunable devices exploiting
their properties, such as waveguides, resonators, fil-
ters, circulators, insulators, etc. [16—19]. The tenso-
rial nature of their permittivity and magnetic perme-
ability is a characteristic feature of magneto-optical
media. In addition, the one-dimensional photonic
crystals allow formation of materials with unusual
electrodynamic properties (metamaterials). A promi-
sing direction of such studies is represented by the
so called hyperbolic media for which isofrequency
surfaces in dispersion law representations are hy-
perboloids [20—23]. Therefore, such materials pro-
vide support for large wave numbers, which opens
up possibilities for a variety of practical applications.

The combined use of photonic crystal waveguides
and resonators provides a basis for implementing
filtering functions. Photonic crystal resonators
demonstrating high Q-factors open up possibilities
for narrow-band signal filtering, which is especially
important for telecommunication systems, sensors,
spectroscopy, etc. [24—33]. The waveguides and reso-
nators required for the purpose are implemented

Fig. 1. Schematic of the 1D magnetophotonic crystal

through formation of linear and local periodicity
defects in the photonic crystals. The filters based on
one-dimensional photonic crystals usually involve
the resonators that are formed by a defective layer
surrounded on both sides by multilayered periodic
structures [34—36].

In this paper, we propose a different approach to
the implementation of a multichannel, narrow-band
filter based on the one-dimensional photonic crystal.
The filter is based on a finite-seized one-dimension-
al magnetophotonic crystal involving no periodicity
defects. The necessary spectral characteristics of the
filter are provided by the presence of layers with hy-
perbolic dispersion laws, which are alternated with
dielectric layers. The surface wave regimes realiz-
able in the "hyperbolic" layers of the structure have
allowed obtaining narrow-band transmission zones
characterized by a high transmission coefficient.

1. Basic theoretical relations

Figure 1 shows a schematic of the one-dimensional
MPhC under consideration, within an appropriate
coordinate system. The periodic structure consists of
an alternating sequence of gyrotropic and dielectric
layers (designated by numbers I and 2, respectively).
The permittivity of a "hyperbolic" gyrotropic layer of
thickness a is described by the tensor

o Eue  —IE,
e (x)=|ie, e
0 0 €,

The isotropic dielectric layers are characte-
rized by thickness b and permittivity &, =12 (also,
Uy = g =1). Within the framework of a two-di-
mensional approximation, the two polarizations of
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the radiation of interest can be considered separately.
As a result, the Helmholtz equations for the TE-po-
larized (H,-polarized) wave modes existing in layers
I and 2 of the periodic structure can be written as

1 0*°H 1 0*°H
_—Zl + _—21 + kzlul(c:J_Hzl = 0,

8yy axz gxx ayz
0*H,, 0*°H
2Z2 +—2Z2+ k> uy,H =0,

0x dy

where
2
k_w’ Elay = €xx 1 - =E&xx€1>
y gxxeyy

Here &, =12 is the high frequency permittivity; e
and m, are the charge and mass of the electron; mj
is the electron’s effective mass; w, is the gyromag-
netic frequency; By is the external magnetostatic field
induction; N is the electron concentration, and @,
is the plasma frequency of the gyrotropic layer.

The magnitudes of the tangential electric compo-
nent E, taken in the periodic structure’s layers can
be expressed via the H, component as

1 aHZl ga lﬂ
- gl e,
% ikew( dx ﬂexx a )
_ 1 aHZZ lﬁ)’

where f is the propagation constant.

Similar relations for the other (namely, E,) polar-
ization can be obtained through the use of the per-
mutative duality principle.

The modal equation for TE waves in an infinite
MPhC with gyrotropic layers can be derived, based
on the Floquet-Bloch method. By applying the repre-
sentation H, = X (x)e’ﬁ 7 it is possible to reduce the
Helmbholtz equations toHill’s equations like

0% X(x)
dx?

+&5(x) X(x) =0, (1)

where the subscript j=1,2 denotes the layer number
and &; is the transverse wave number in layer j, so

&
& = \/kzﬂlgyng_ _%ﬁz’ &= szﬂzez - B

Any solution to Eq.(1) can be expressed as a lin-
ear combination of the two fundamental solutions
¥, (x) and ¥, (x) of the Hill equation,

X(x) = Ay, (x) + By, (x).

Analytical expressions for the functions ,(x)
and ,(x) for each layer on the structure’s period
can be obtained as solutions of the third boundary-
value problem [23],

cosE x + f8 w 0<x<a,
Exx 51
sin X—a
Py (x) = Acosgz(x_a)_B%’ 2)
2
a<x<L;
ngy%, O<x<a,
3
V2l = CCOSEz(X—a)+Dw, (3)
&,
a<x<lL,
- g, sin§a
with A=| cos&a+ )
€xx 51
! € 2sin§1a
B= & sina+| = and
€J_xy €y é:l
C= glxym) DZSZ[cosgla—ﬂg_‘lsmgla}_
J b &

Application of the Floquet theorem results in a set
of homogeneous equations for the function X(x)
formulated at boundaries of structural layers,

pX,(0) = X, (D),

1 (ax1 (0)

10X, (L)
Ox ai &

& Ox

&
£ X (0) j =
SJ_xy €xx

where p is the Floquet factor which satisfies the cha-
racteristic equation:

pr—2A5p+1=0. (4)

Here Ay =vy,(L)+y5(L)/ &, is Hill's discrimi-
nant [37]. By solving Eq.(4) with account of expres-
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sions (2) and (3) we arrive at a dispersion equation
for Bloch’s wave number K for the infinite-seized
MPhHC,

A
cosKL = TH = cos§ acos&,b—

Newb | o é+ﬂ_2(€_a)z y
2 ) El £J_xy 52 5152 Exx
x sin& asin&,b. (5)

It is worth noting that the dispersion equation
Eq.(5) is the same as the equation obtained in paper
[38] by the well-known transfer matrix method.

Upon applying the proper boundary conditions
to the fundamental solutions we obtain a matrix
equation relative tangential field components at the
boundaries of the finite-sized photonic crystal con-
taining N periods,

H, (NL)J y (Hz (0)j
=W , (6)
( E,(NL) E, (0)
where
(W W) 1/)1 (L) ik1/,)z (L)
W= Woo W T Yi(L)  3(L)
21 22 —iksz —82

Proceeding from Eq.(6) and the relevant boun-
dary conditions one can write down the matrix equa-
tion allowing to find the reflection and transmission
coeflicients, specifically

1 N R
- (Wi Wi

So [T wy,

k

W), 5—0(1 -R) ’
k
with &, =+/k* — B%. Then the transmission coeffi-
cient of the structure can be written as [39]

2 -1
—1H .

First we consider dispersion properties of the gyro-
tropic medium which forms up one of the layers over
the structure’s period. The dispersion relation for an
infinite gyrotropic medium can be represented as

T:{HsinzNKLx

1 2
X ;
[(ZSIDKL)

2. Analysis of results

21¢) j

§0&2

(EOlpZ (L) -

a b

Fig. 2. Isofrequency surfaces for (a) Type I hyperbolic medium,
(b) Type II hyperbolic medium
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Fig. 3. Diagonal components of the permittivity tensor in depen-
dence on the normalized frequency

an equation of ellipse in the space of wave numbers,
specifically
k2

kf' 2 2 &
s to =kme =k Ml(l—g . j (8)
y)’ XX XX yy

Meanwhile, if we assume one of the diagonal com-
ponents of the permittivity tensor (€, or €,,) tobe
a negative value, then we arrive at the equation of a
hyperbola. Shown in Fig. 2 are hyperboloidal isofre-
quency surfaces of two kinds, corresponding to dif-
ferent types of "hyperbolic" media in the general case
of a three-dimensional wave number space, name-
ly Type I (dual-sheet hyperboloid) and Type II (sin-
gle-sheet hyperboloid) [20]. Equation (8) describes
traces of these hyperboloids in the k,k, -plane.

The unique physical characteristics of "hyper-
bolic" media are conditioned by frequency depen-
dences of the permittivity tensor components. Fig. 3
shows these dependencies for the diagonal compo-
nents &,, and &, with parameters like w, =0.4
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Fig. 5. Dispersion diagram of the 1D magnetophotonic crystal
containing hyperbolic gyrotropic layers

and w, = 0.24. The shaded areas indicate different
types of hyperbolicity. The tensor components ¢,
and ¢,, can be seen to assume magnitudes of both
positive and negative signs over the frequency ranges
under consideration. The shaded and the unshaded
areas in Fig. 4 represent real and purely imaginary
values of the transverse wave number &;, respec-
tively, corresponding to transmission and forbidden
zones in an infinite "hyperbolic" medium. Naturally,
these areas also identify existence conditions for bulk
and surface wave modes in the hyperbolic layers of
the MPhC under consideration.

It should be noted that we have obtained surface
wave excitation conditions for the case of normal in-
cidence (f = 0) of the primary wave on the hyper-
bolic medium. The result is unusual, since in a pu-
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Fig. 6. Transmission coefficient of a magnetophotonic crystal as
a function of normalized frequency (N = 6)
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Fig. 7. Transmission coeflicient of a magnetophotonic crystal as
a function of normalized frequency (N = 40)

rely dielectric medium surface wave modes can be
excited solely under oblique incidence conditions
[40—43].

Analysis of the bulk and surface wave modes of
the MPhC requires solution of the dispersion Eq. (5).
The dispersion diagram in Fig. 5 shows the results
for parameter values a = 0.1L; &, =12; w, = 0.4;
o, =0.24. The shaded areas indicate transmission
zones of the MPhC, while the unshaded areas cor-
respond to forbidden zones. The dashed lines show
boundaries of regions supporting the "hyperbolic"
regimes. Evidently, the hyperbolicity of the MPhC
layers results in appearance of transmission zones
for surface wave modes in gyrotropic layers of "hy-
perbolic” kind. One of such zones is indicated by an
arrow in Fig. 5. The oblique line in the Figure indi-
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cates a light line for the dielectric layer of the MPhC.
Thus, the transmission zones noted here correspond
to surface wave modes in "hyperbolic" layers and
bulk modes in dielectric ones.

Shown in Fig. 6 is the transmittance factor of a
finite-seized MPhC containing six periods (N = 6).
The transmission coefficient Eq. (7) has been calcu-
lated for a frequency band corresponding to surface
wave modes in "hyperbolic" layers. There are (N - 1)
narrow transmission peaks separated by forbidden
zones. The physical nature of a similar frequency
dependence stems from Fabry-Perot resonances in
bounded periodic structures [39]. The high Q-factors
of these resonances allow developing multichannel,
narrow passband filters for optical communication
systems and other applications. Each transmission
peak can be regarded as an individual transmission
channel for the signals of interest. It should be noted
that other frequency bands corresponding to surface
wave modes in hyperbolic gyrotropic layers are cha-
racterized by the same spectral properties as shown
in Fig. 6. Accordingly, these transmission bands can
be used for narrow passband filtering as well.

As can be seen from the dispersion diagram of
Fig. 5, increasing the incidence angle of radiation
brings forth a blueward shift of the transmission
band under investigation. Furthermore, the trans-
mitted bandwidth gets changed too. This physical
mechanism can provide for fine tuning of the filter’s
spectral characteristics.

Another way to adjust the filter characteristics is
to change the "hyperbolic" layer’s thickness a and
the external magnetic induction B, . The respective
calculations show that an increase in the hyperbolic
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! XapxiBchkuit HatfioHanbHumit ynisepcutet imeni B.H. Kapasina
maiian CBo6oan, 4, M. Xapkis, 61022, YkpaiHa

2 XapKiBcbKnil HalliOHaNIbHMII YHiBEpCUTET pajlioeNeKTPOHIKM
npocn. Hayxkun, 14, m. XapkiB, 61166, Ykpaina

BY3bKOCMYTOBUI ®UIETP HA OCHOBI
MATHITO®OTOHHOTI'O KPMICTAJIA, IO MICTUTDb
IIIAPY 3 TTIIEPBOITYHMM 3AKOHOM JUCIEPCIT

ITpepmert i MeTa po6oTH. By3bkocMyToBi GiNbTpU € OTHMMY 3 OCHOBHUX KOMIIOHEHTIB CYYaCHUX CUCTEM 3B>A3KY, CIIeKTPOCKOII,
BUCOKOUYTIMBUX CEHCOPiB TOm0. POTOHHO-KPUCTA/IYHI CTPYKTYPM BiKPMBAIOTh IMPOKi MOXKIMBOCTI JI/IA CTBOPEHHS KOMITAKT-
HUX BY3bKOCMYTOBUX (i/IbTPiB ONTMYHOTO Ta TeParepljoBOro fianmazoHi. HajalmTyBaHHA CIEKTPaJbHUX XapaKTePUCTUK (o-
TOHHO-KpUCTa/MYHMX (PinbTpiB 3a3BMYall 3iMICHIOETbCA LIIIXOM BBEJIEHHS B iXHIO CTPYKTYPY €l€MEHTIB, Yy T/IMBUX O 30BHillI-
HIX €/IeKTPUYHMX | MarHiTHNX HOJiB. MeTow jaHoi poOOTH € HOCII/PKEHHS eIeKTPOAHAMIYHIX XapaKTepUCTUK OHOBYMIPHOTO
MarHiTo)OTOHHOTO KpJCTaja 3 apaMy, AKi XapaKTepu3ylThCsA TillepOOTiYHNM 3aKOHOM JIUCIIEPCii, Ta CTBOPEHHS Ha Iiilf OCHOBI
6araToKaHaJIbHOTO BY3bKOCMYTOBOro dibTpa.

Metonu Ta MeTomonoria. Y pamkax Metony ®noke-broxa 3 BukopucTaHHAM QyHIaMeHTAJIbHUX PO3BS 3KiB piBHAHHA Ximma
OTPVMMAHO JVCIIepCiiiHe PiBHAHHA J/I1 HECKIHUEHHOTO MarHiTOpOTOHHOTO KpucTaia. [I/id OTpMMaHHSA aHAIiITUYHOTO BUPasy i
KoediljieHTa PONyCKaHHs BUKOPYCTAHO METOJ| MAaTpPULli Tepefadi.

Pesynprarn. [IpoaHaizoBaHO UCIEPCiliHY AiarpaMy OfHOBUMiPHOIO MarHiTO(OTOHHOrO KpUCTAsa /I BUIIALKY, KOIU OIUH
i3 mapiB Ha mepiofi CTPYKTYpY XapaKTepusyeTbCs rinepOoIiYHNM 3aKOHOM AMCIiepcil. 3HalieHo 06/1acTi iCHYBaHHS MOBEPXHEBUX
XBIJIBOBMX PEXMMIB Y TaKUX LIApaX MepPioAMYHOI CTPYKTYPHU 32 YMOBY HOPMaJIbHOTO Na/{iHHA XBWII Ha CKiHYeHHMIT MarHirodo-
TOHHMIT KpucTay. YacToTHi 3amexxHoCTi KoedillieHTa IPOIyCKaHHA XapaKTepU3yIThCA HabOPOM BUCOKOTOOPOTHUX Pe30HAHCHIX
miKiB, 1110 € 006ymoBneHnMI pezonancamy Pabpi-Ilepo B CKiHYeHHII nepioaNYHil CTPYKTYPi.

BucHOBKH. PO3ITIAHYTO 3aCTOCYBaHHA CKiHUYEHHOTO OfHOBMMIDHOTO MarHiTOQpOTOHHOTO KpYICTa/la JyIA ONTWYHOI OaraToka-
Ha/bHOI ¢inbTpanii Ta GopMyBaHHA 4acTOTHOI rpebinky. OTpuUMaHO AMCIepcCiiiHe piBHAHHA Ta BUpas Aid KoedilieHTa mpomyc-
KaHHA B paMKax MeTofy Onoke-brnoxa ta Mmarpuii nepefadi. Ilokasano MOXIMBicTh pearnisaliii MOJI IOBEPXHEBUX XBU/Ib Y IIapax
MepiOfNYHOI CTPYKTYPH, AKi XapaKTepU3yIThCA TiepOOTiYHIM 3aKOHOM AMCIIepCil, 33 YMOBU HOPMa/IbHOTO IMaiHHA XBWI Ha
MarHiTodoToHHMIT KprcTan. CleKTpanbHa XapaKTepucTuka Qiibrpa MiCTUTh By3bKOCMYTOBI IiKM 3 BUCOKMM KOe(illieHTOM Ipo-
XOIKeHHA. 361/bIIeHHs KIIBKOCTI NepiofiiB CTPYKTYpM IPUBOAUTD 4O GOPMYBaHHA YaCTOTHOI IpebiHKM, sika MOXe OyTH BUKO-
PUCTAHOI B METPOJIOTII Ta CY4aCHMX ONTUYHMX KOMYHIKALIIIHUX CUCTEMaX.

Kntouogi cnosa: maznimogpomonnuti kpucmar, zinepboniuni cepedosuua, 8y3vkocmyz08a Qinvmpayis, wacmommua epebirxa, oucnep-
CillHi XAPAKMEPUCMUKU, PENCUMU NOBEPXHEBUX XBUTTD.
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