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Nonredundant hexagonal grid interferometers having element-free central domains are con-
figured with the difference set procedure. The obtained configurations possess third-order sym-
metry that provides more uniform coverage of the spatial-frequency plane.

1. Introduction

The construction of radio interferometers
on hexagonal grids has been suggested in [1],
and the possibility of configuring nonredun-
dant (i. e. having no repeated baselines) inter-
ferometers on such grids that have rather low
sidelobe patterns has been shown in [2].

The investigation of nonredundant arrays
(NRA) on hexagonal grids dates back to the
paper by Golay [3] where arrays with a small
number of elements were considered. The
method of constructing a NRA maximized in
terms of the number of its elements on the
hexagon of a given radius was elaborated in
[4] using cyclic difference sets. Owing to regu-
larity, it is especially useful for large arrays, in
which case the numerical methods, e. g. the
random search, are unacceptably time-consum-
ing and thus practically unrealizable. The pro-
cedure of obtaining NRAs by this method was
also described in the monograph [5].

In [3-5] no limitation was imposed on the
location of configuration elements, so they
could be arranged all over the grid area. It may
be of interest to study the case when the grid
central domain is element-free (thus allowing
to use this domain for other purposes). This
issue has been touched upon in [2], where the
nonredundant arrangement of elements with-
in a hexagonal “ring” whose inner radius was
nearly half an outer (grid) one, was examined.
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The present paper studies the problem in more
detail in the form equivalent to that considered
in [4]: we construct the nonredundant interfer-
ometer configurations on hexagonal grids of
minimal radii with the number of elements given
and with no elements in their central domains.

2. On the method of constructing
nonredundant arrays

The method used here for constructing the
optimal nonredundant configurations employs
the two ideas, viz. the cyclic difference sets
(CDS) and the folding procedure. The descrip-
tion of CDSs and their properties were given in
[5, 6]; in particular, in [5] it has been noted that
a k-element CDS with the parameters V" and
A =1 represents the NRA on linear segment
[0, V —1], where V = k* — k+1. The CDSs with
A =1 exist for all values k= p*+1, where p
means prime, s — natural, and each of these cas-
es has an ensemble of such sets obtainable from
any of them by shifting modulo ¥ or by mul-
tiplying it by a number coprime with V.

A linear segment, together with a CDS placed
on it, can be folded onto a square (recall that
folding a segment onto a square is the proce-
dure inverse to scanning). The set thus obtained
on the square is also nonredundant as can be
proven by contradiction. Similarly, the segment
can be folded onto a rhomb. If the rhomb with
a sidelength n (n odd) and acute angle 60° is
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taken and two of its corners are then cut off, as
is shown in Fig. 1, the remaining part will rep-
resent the rectilinear hexagon of radius
r=(n—1)/2. Thus, folding segment [0, V" —1],
together with a k-element CDS with the param-
eters  and A =1 placed on it, onto a rhomb
yields a NRA on this interior hexagon.

Calculating through all sets of such an en-
semble at a given k yields a CDS giving max-
imum number of elements in the hexagon while
keeping the condition of leaving the central
domain of the hexagon element-free.
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Fig. 1. Nonredundant array on a rhomb. The
unhatched part of the rhomb represents a rectilinear
hexagon

3. Configurations possesing third-order
symmetry

As follows from [4] the optimal NRAs on

hexagons in most cases possess the third-order
symmetry. The latter means that they are in-
variant to rotation by 120° about a certain cen-
tre of symmetry. An example of such an array
is shown in Fig. 2, where an oblique coordinate
system (x, y) with the axes being directed along
the hexagon diagonals is introduced. Third-or-
der symmetry implies that the relation between
the element (x,, y;) of the array and the ele-
ments (x,, y,) and (x,, y;) symmetric to it at
the rotations by 120 and 240° respectively, are
described by the expressions

x, ==(x +»), »=x-d,
e9)]

Xy =y +d, Y3 =X, —d.
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Here the quantity d characterizes the sym-
metry centre displacement with respect to the
hexagon centre. When these two coincide, d =0.

Fig. 2. Example of a nonredundant configuration
possessing third-order symmetry on a hexagonal
grid. Here the number of elements m= 27, the
hexagon radius r=12; the inner, element-free
hexagon of radius r, =5 is singled out. The oblique
coordinate system X, y is shown as a guide to build
the configurations from Table 2

Fig. 3. 24-element nonredundant configuration on the
hexagonal grid of radius r = 10 and the coverage of
the u, v -plane. The large dots represent the configu-
ration elements while the small ones — the baselines
in the u, v -plane. The inner, element-free domain of
radius ry =4 is singled out
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Some examples of the arrays corresponding
to the case d =1 were shown in [4]; though
the case d=0 predominates. Here, if the
NRA possesses the central element (e. g. when
d =0), this latter has to be excluded in ob-
taining an empty central domain of the hexa-
gon. Thus, the number of elements in our con-
figurations is a multiple of 3.

The symmetry of coverage of the spatial-
frequency plane (u,v-plane) for the consid-
ered interferometer configurations is even high-
er, viz. it is of the sixth order; i. e. the situation
is repeated with every other 60° -rotation (see
Figs 3 and 4), and the coverage of the u,v-
plane is thus more uniform than that for asym-
metric configurations.

4. The calculation results

The NRAs with the number of elements
m=15, 18, ...,and 60 arranged on hexagons
of minimal radii », provided the element-free
central domain of the hexagon is of the radius
r, no less than a prescribed value, have been
searched for. As a rule, they possess the third-
order symmetry. The characteristics of such
symmetric NRAs are shown in Table 1 (for all
these arrays the symmetry centres coincide with
the hexagon ones). The hexagon radii are taken
to be minimal, provided 7, 24 (note that in the
range r<10 r, =4 is the maximal value ob-
tained). The Table shows that under the stated
condition the symmetric interferometer config-
urations with the element-free central domains

Fig. 4. 36-element nonredundant configuration on the hexagonal grid of radius r =18 and the coverage of
the u, v -plane. Here ry =7 (the notations are the same as in Fig. 3.)
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Table 1. Characteristics of symmetric nonredundant arrays on hexagons with the element-free central domains

(the notations are given in the text)
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of radii 5, and with the number of elements
m 2 2r can be built. The comparison with the
data in [4] shows that the discrepancy between
m and maximum number m_, of the ele-
ments that can be arranged nonredundantly
on a hexagon of radius » never exceeds 3 with-
in r<25.

As can be seen from Table 1, the values of #,
are relatively small. These can be increased by
increasing the radius » of the hexagon on which
m elements are placed. Though the difference
between m and m,,,, also grows in this case.

The interferometer configurations having
the parameters from Table 1 represented as sets
{(x;, y;)}, where x;, y, are the coordinates in

the introduced oblique coordinate system, are
shown in Table 2. It will be observed that when
these are compared with those obtained in [4],
the domain of the complete coverage in the
u, v-plane shows some decrease in our case.
Thus the 24-element configuration provides
complete coverage of the domain of radius
r.=4 in the u, v-plane (see Fig. 3), whereas
such a radius provided by the 25-element con-
figuration in [4], which differs from the former
only by the central element presence, is 7. =6,
as can be seen in Fig. 3. To this end, however,
the number of baselines decreases slightly, and
the coverage, as well as the interferometer side-
lobe pattern, are nearly the same.

Table 2. Obtained symmetric nonredundant interferometer configurations °

)

m clements fx;y )l i=1i.,m

151 (0, 6); (-2, 5); (1, 5); (-5, 4); (2, 3); (-5, 2); (-6, 1); (4, 1); (-6, 0); (-3, -2); (5 ,-3); (1, -5);

(3’ '5), (5,'6); (67 '6)

18 | (-6, 8); (-5, 7); (-1, 7); (-2, 5); (1, 5)%; (2, 3); (-5, 2); (-6, 1);. (:6,1~1)s:(-3; ~2):(7, -2); (8, -2);

(5 ,-3); (-2, -5); 3, -5); (-2, -6); (5 ,-6); (7, -6)

211 (-5, 9); (0, 9); 3, 6); (-7, 5); (-1, 5); (-6, 4); (-9, 3); (2, 3); (-5, 2); (4, 2);(5, 2); (-9, 0);

(-4, -1); (5, -4); (9, -4); (-4, -5); (3, -5); (2, -6); (2, -7); (6, -9); (9, -9)

24| (-9,9); (-4, 9); (-6, 8); (2, 8); (-7, 7); 3, 7); (-3, 5); (2, 4); (-10, 3); (-10, 2); (-6 2); (7, 0);

O, 0); (5, -2); (8, -2); (-2, -3); (-5, -4); (9, -5); (-2, -6); (4, -6); (0, -7);(0, -9); (7, -10); (8, -10)

27 | (-12, 12); (-8, 10); (-2, 9); (1, 9); (-12, 7); (0, 7); (-5, 6); (-4, 6); (2, 6); (7, 5); (-8, 2); (-10, 1);

(6, -8); (9, -10); (0, -12); (5, -12)

(-7, 0); (12, 0); (6 ,-1); (-7, -2); (6, -2); (10, -2); (-2, -4); (-1, -5); (7, -7); (9, -7); (-2, -8);

30 | (-13, 14); (-12, 14); (-8, 14); (-12, 12); (2, 10); (5, 9); (-9, 7); (-2, 6); (5, 6); (-14, 5); (-11, 5);

(3, 5% (-8, 3); (-12, 2); (7, 2); (12, 0); (14, -1); (-4, -2); (14, -2); (6, -4); (14, -6); (-6, -8);
(5, -8); (2, -9); (6, -11); (-2, -12); (0, -12); (10, -12); (-1, -13); (9, -14)
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Table 2 (Continued)

33

(-15, 15); (-2, 15); (-11, 12); (-9, 12); (-16, 11); (-5, 10); (5, 9); (4, 8); (-6, 7); (0, 7); (4, 7)
(-14, 5); (11, 5%; (-12, 4); (-11, 4); (-7, 0); (15, 0); (7, -1); (12, -1); (-13, -2); (12, -3); (-5, -5);
(10, -5); (-1, -6); (7, -7); (-3, -9); (-1, -11)5(7, -11); (8, -12); (15, -13); (9, -14); (0, -15); (3, -16)

36

(0, 18); (-16, 16); (-8, 12); (-7, 12); (3, 12); (6, 12); (-2, 11); (-8, 10); (7, 10);(-15, 8); (-3, 8);
(17, 7); (8, 7); (-18, 6); (5, 6); (-11, 5); (-15, 3); (-18, 0); (16, 0);(-9, -2); (10, -2); (-5, -3);
(12, -4); (8, -5); (12, -5); (-5, -T); (-4, -8); (-2, -8); (11, -9); (6, -11); (7, -15); (12, -15);

(0, -16); (10, -17); (12, -18); (18, -18)

39

the NRA can be obtained from the preceeding array by increasing its hexagon radius
by 1 and adding the elements (-12, 19), (-7, -12), (19, -7))

42

(12, 21); (-11, 20); (-21, 19); (-12, 19); (1, 19); (-8, 18); (-1, 14); (4, 14); (-14, 11); (-10, 11);
(-7, 11); (-4, 10); (-6, 6); (5, 6); (-11, 5); (-18, 4); (11, 3); (19, 2); (-20, 1); (6, 0); (-13, -1);
(11, -1); (-6, -4); (11, -4); (0, -6); (10, -6); (-4, -7); (19, -7); (-10, -8); (20, -9); (21, -9);

(-1, -10); (18, -10); (-9, -11); (6, ~11); (-9, -12); (-7, -12); (14, -13); (3, -14); (14, -18);

(19, -20); (2, -21)

45

the NRA can be obtained from the preceeding array by increasing its hexagon radius
by 1 and adding the elements (6, 16), (-22, 6), (16, -22)

48

(-13, 24); (15, 23); (-11, 23); (-4, 23); (16, 20); (-3, 19); (-19, 18); (-19, 17); (10, 12);
(-18, 11); (-22, 10); (-13, 10); (1, 9); (6, 9); (-9, 8); (-6, 8); (11, 7); (-15, 6); (-7, 6); (10, 3);
(17, 2); (-10, 1); (6, 1); (8, 1); (18, 1); (8, -2); (-16, -3); (-19, -4); (20, -4); (-2, -6); (1, -7);
(23, -8); (1, -9): (9, -10); (-12, -11); (24, -11); (23, -12); (-11, -13); (3, -13); (-8, -15); (%, -15);
(-4, -16); (19, -16); (7, -18); (1, -19); (2, -19); (23, -19); (12, -22)

51

(-16, 25); (-10, 24); (-22, 23); (12, 23); (-11, 21); (-25, 20); (-4, 20); (-2, 20); (-17, 18);

(-24, 16); (-21, 15); (0, 13); (-6, 12); (-21, 11); (11, 10); (-6, 9); (-16, 8); (8, 8); (16, 8); (0, 7);
(15, 6); (20, 5); (-13, 0); (-7, 0); (18, -1); (23, -1); (-18, -2); (9, -3); (-16, -4); (-6, -6); (-3, -6);
(12, -6); (7, -T); (25, -9); (-14, -10); (21, -10); (-10, -11); (23, -11); (-11, -12); (13, -13); (24, -14);
(-9, -16); (8, -16); (20, -16); (-1, -17); (20, -18); (6, -21); (10, -21); (-1, -22); (8, -24); (5, -25)

54

(-25, 27); (-23, 27); (-22, 26); (-4, 26); (-26, 23); (-17, 23); (0, 23); (3, 20); (-20, 18); (-8, 18);
(27, 17); (8, 13); (-15, 12); (-2, 12); (3, 10); (17, 10); (-1, 9); (-21, 8); (1, 8); (-4, 6); (-23, 3);
(-13, 3); (12, 3); (23, 3); (18, 2); (-9, 1); (-23, 0); (-8, -1); (-10, -2); (6, -2); (27, -2); (-22, -4);
(-2, -4); (26, -4); (27, -4); (23, -6); (-10, -8); (9, -8); (8, -9); (12, -10); (18, -10); (10, -13);
3, -15); (-6, -17); (2, -20); (13, -21); (-4, -22); (26, -22); (-4, -23); (20, -23); (23, -23);

(-2, -25); (3, -26); (10, -27)

57

(-10, 28); (-15, 27); (-11, 27); (21, 26); (-1, 26); (-9, 24); (-28, 22); (-18, 19); (-7, 18);
(21, 17); (-20, 17); (-3, 17); (2, 15); (-20, 14); (-12, 13); (-12, 11); (1, 11); (-7, T); (-2, 7);
(14, 6); (22, 6); (17, 4); (17, 3); (-17, 2); (-12, 1); (11, 1); (7, 0); (-25, -1); (13, -1); (19, -1);
(-5, -2); (-14, -3); (7, -5); (26, -5); (=11, -7); (0, -7); (-15, -9); (-18, -10); (-16, -11); (18, -11);
(-1, -12); (1, -12); (11, -12); (27, -12); (17, -14); (-12, -15); (24, -15); (27, -16); (15, -17);
(-1, -18); (28, -18); (3, -20); (6, -20); (-5, -21); (4, -21); (26, ~25); (6, -28)

60

(-11, 30); (-7, 30); (-6, 30); (-1, 28); (-14, 23); (-26, 22); (-15, 21); (9, 21); (-5, 20); (-13, 19);
(-30, 18); (4, 18); (-14, 16); (-6, 16); (-25, 13); (-7, 15%; (-3, 13); (18, 12); (0, 11); (9, 10); (15, 10);
(30, 9); (-19, 9); (3, 5); (-22, 4); (22, 4); (-8, 3); (-11, 0); (-27, -1); (16, -2); (-10, -3); (-15, -5);
(24, -6); (-10, -6); (19, -6); (21, -6); (-23, -7); (-8, -7); (5, -8); (15, -8); (23, -9); (13, -10); (16, -10);
(19, -11); (11, -11); (-6, -13); (-9, -14); (-2, -14); (-6, -15); (20, -15); (10, -19): (30, -19); (18, -22);
(30, -23); (30, -24); (10, -25); (4, -26);(28, -27); (12, -30); (21, -30)
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5. Conclusion

The approach used here for building the
nonredundant multielement interferometer
configurations on hexagonal grids having no
elements in the central domains can equally be
applied for the other element arrangement
conditions, too. For a large number of ele-
ments, it offers an advantage over other ac-
cepted methods of solving similar problems.
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be3p130bITOuHbIE KOHPUTYpauuu
HHTep(epOMEeTPOB HA FeKCaroHaJILHBIX
pelieTKax co cCBOOOIHOM LEHTPAILHOM
00J1aCThI0

JI. E. KonuioBuu

C noMoUIpI0 METOJ1A, OCHOBAHHOTO Ha MC-
MOJIb30BaHUU PA3HOCTHBIX MHOXECTB, CTPOSIT-
cs1 6e3p130bITOUHBIE KOH(DUTYpALIMK HHTEphE-
POMETPOB cO CBOGOIHOI LEHTPaTbHOI 061a-
CTBIO Ha FeKCArOHAJIBHBIX peIeTKax. ITH KOH-
¢durypanuu ob61agar0T CUMMETpHel 3-ro Io-
PsZIKa, YTO YJIyYLIaeT PABHOMEPHOCTD ITOKPbI-
THUS TUIOCKOCTH IIPOCTPAHCTBEHHBIX YaCTOT.

Be3naammkoBi koHpirypamii
inTepdepomeTpiB HA reKCaroHaJIbLHHUX
pemliTKax 3 BiIbHOI HEHTPAJIbHOI0
YaCTHHOKO

JI. 1O. KonujioBuu

3a MeTO/IOM, 1110 IPYHTYETHCS HA BUKOPHUC-
TaHHI PI3HULIEBUX MHOXHH, MOOYIOBaHO
Oe3HaNTMIIKOBI KOH(pirypauii inTepdepo-
METPIB 3 BUIBHOIO Bifl €JIEMEHTIB LIEHTPAJIbHOIO
YACTUHOIO Ha IeKCaroHaJbHUX pelIiTKax.
Li koHbiryparii MaloTh CUMETPII0 3-T0 MOopsi-
Ky, 1[0 MOJIMIIYEe PIBHOMIPHICTh MOKPHUTTS
TUTOLMHYU IPOCTOPOBUX YaCTOT.
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