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RADAR RANGE EQUATION FOR ULTRA WIDEBAND
SIGNALS AND ULTRA SHORT PULSES

V.B. Avdeev

Military Institute of Radioelectronics
153, Krasnoznamenaya st., 394020 Voronezh, Russia

The range equation for radiolocation of an object and its elements with ultrawideband signals (UWBS) and
ultra short pulses (USP) are resulted. The criticism of other published equations is given.

1. Introduction

Key ratio in the theory of a radiolocation of objects
by using the UWBS and USP is the range equation.
The examples of such equation are given in [1-3].
Unfortunately, the examples in [2-3] — are erroneous,
and the area of application of the equation given in
[1], is limited to a rare case, when the pulse, reflected
from object, has the form of a rectangular. The pur-
pose of this work is to offer a universal variant of the
equations based on using the auto correlation charac-
teristics of a radio-line.

2. The Range Equation for Radiolocation
of Object by Using Narrow-Band Signals
For simplicity we shall assume, that the transmitting
and receiving antennas (TA and RA) and motionless
object are in free space. In this case the classical
range equation, in which monochromatic signal with
frequency w is used, has a form:

Py = PTH(UJ)/].67T27“%7“}% > Pp in » (1)

where 7 and rp — distances from TA to object and
from object to RA; Pr — average (for the period
27 /w) capacity of a signal, leaded to TA; Py and
Py min — average capacity of a signal and, accord-
ingly, given minimally necessary average capacity of
a signal on an output of RA;
Hw) = Gpwowd Ag (wd x

[1—nr ][l —=nrw]yw> — (2)

transfer function of a radio-line; Gp(w> and

Ap cw> — TA gain and effective area of aperture of

RA in the direction to the object; o cw> — bistatic
radar cross section (RCS); np p (w> — factors of re-

flection of a transmitted signal from an input of TA

and received signal from an output of RA; vycw> —

factor of polarisation losses.
In a case of a quasi-monochromatic signal the
average capacities in (1) need to be replaced with en-

ergy:
Wi = WrH cw> /1677818 > Wimin»  (3)

where W; — the energy of the signal, leaded to TA;
Wy and Wy i — the energy of the signal and, accord-

ingly, the minimal necessary energy on RA output.
However, in practice a ratio (3) is used not only
for quasi-monochromatic, but also for real signals
occupying a frequency bands distinguished from a
zero. Usually the width Aw; of an active band of a

power spectrum of a signal, leaded to TA, is so small,
that the relative change of value H (w> within the
limits of such a band is insignificant:

AH/H =|H(wry) — H(wp)|/ H(wry) =
|H., (wro)| Awr / H (wrg) < 1. 4)

Here Awr = wry —wri; wro = (wry + wra )/ 2;
wrio and wpy — extreme and average frequency of

active band, within the limits of which is overwhelm-
ing part (for example, 95%) of the energy of the sig-
nal. Then

Wi~ WrH (wro) /16711 > Wimin - (5)

From the physical point of view in the considered
situation width Awp of active band of transfer func-
tion H (w> of radio-line is greater than Awrp:
Awp > Awr (here Awy = wyy — Wi Wiie —
extreme frequencies of an active band). Therefore,
energetic spectrums of transmitted and received sig-
nals are approximately similar, and, hence, the width
Awp p of active bands of energetic spectrums of

these signals, and also their times 7, 7 p of auto cor-



V.B. Avdeev

relation are  about  equal: Awrp ~ Awp,

TeT T TeR-
For pulses with finite duration, it is possible to
proceed from energies to average capacities, thus av-

eraging to carry out during auto correlation. In result,
we shall receive:

By ~ PrH (wr)/167°0813 > Ppon,  (6)

where the values, averaged during auto correlation,

are marked with tildes: ]5T7 R=Wrr/TcrpR>

PR min — WR min/TcR'

If the phase characteristic of complex transfer
function (the square of which module is equal to
H cw»>) is rather linear within the limits of a band,
transfer-reception of pulses will occur practically
without distortions of their form and consequently for
them not only the times of auto correlation, but the
duration will be equal also: 77 ~ 75 . In this case

averaged in time auto correlation 7, pp can be re-

placed with averaged in time pulse duration, and such
image to pass to pulse capacities. Then (6) accepts a
form close to (1):

Py ~ PrH (wr o) /1671818 > Ppoin,  (7)

where PT,R = WT,R /TT,Ra Pr min = Wg min /TR~

3. The Range Equation for Radiolocation
of Object by Using UWBS and USP

However, for many transmitted signals the condition
(4) is not carried out and for this reason the ratio (5)—
(7) become inapplicable. For such signals
Awr ~ Awy or Awp > Awy . As a rule, we can
relate to them UWBS, for which Awy ~ wpq, and
also USP with duration 79 ~ 75 = 27/ Awp and
Tr < TH -

It is specified in [4,5], that it is expedient of this
situation to proceed to the integrated description of
the characteristics of a radio-line. In the given case —
to integration the partial (for frequency w) range
equation which has been written down with use bilat-
eral (in view of negative frequencies) of spectral den-
sity wp (w> of energy of a transmitted signal and
bilateral transfer function:

o0
fwT(w)H(w)dw
Wy =2

8W2T72T}% Z WR min * (8)

Thus wy w> should satisfy the power condition:

Wyp = fwT(w)dw:2fwT(w>dw. 9)
—00 0

The equation (8) is a generalisation of the equa-
tions (3), (5)-(7) and can be used for any transmitted
signals. For quasi-monochromatic signal, when
wy (w> = Wp[§(w—w')+ §(w+w')]/2, it co-
incides with (3). For a narrow-band signal, when by
virtue of a condition (4) it is possible to replace inte-

0 .
grals 2 fo wp (w> H (w>dw with value

H (wpy )Wr equal on a condition (9), it coincides
with (5), and in more special cases — with (6) and (7).

The equation (8) can be copied in other, some-
times more convenient form with use of temporary
parameters of process of transfer-reception. For this
purpose, we shall spread out even functions H (w>
and wr (w> in Fourier-integrals. For function
wp (w> this operation is quite applicable, as integral
on a condition (9) has finite value. Concerning func-
tion H (w> we shall notice, that it is regular and in a
limit w — oo it is equal to zero because of vanish-
ing the values G <w>, Ag (w> or Ny (w>. It can

occur for the different reasons. For example, for mir-
ror antennas functions G <w> or Acw> vanish be-
cause of increasing at w — oo the influence of
asynchronous of excitation of the aperture, which is
caused by the finite sizes of both focal stain, and ra-
diator, and roughness of the surface of the mirror.
Not pressing further in these details, we shall believe,
that at w — oo speed of decrease of function H cw>

o0
rather large so, that integral j; Hw>dw con-

verges. Then, using cosine-decomposition

By ¢ [ Hcwd
:2f{ }coswﬂdw,
B, ¢ 0 Wy (W)

wr

10
How 100 BH(T) ( )
Wy W) :;f B o cos (wrH dT

0 wy

and known integral equality

o0 1 [o¢]
[wT(w)H(w)dw = %[B,WT (> By ¢modr,

we shall rewrite (8) as:

s
waT(T)BH(T)dT
WR = 0

1671'3’/'72*7';25 2 WR min » (1 1)
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where B, <t> and By (7> — the auto-correlation

functions (ACF) of a transmitted signal and radio-
line.

The ratio (8) and (11) are equivalent, however
depending on a situation one of them can be more
acceptable because of simplicity of calculation of in-
tegral. How already it was marked above, for rather
narrow-band signals, when Aw; < Awpg and con-
dition (4) is satisfied, the equation (8) becomes sim-
pler and is reduced to (5). Otherwise, for rather
broadband signals, when Awp > Awpy and the
condition of rather small varying of function wy (w>
in an active band of frequencies wy; +~ wpo 1S satis-
fied calculation of integral in (8) with taking into ac-
count (10) results in a ratio:

Wi ~ wr (wyo) By (0) /167013 > Wi min - (12)
Let us consider a case, when factor of auto cor-
relation (FAC) £, B, <t>/B,, (0) isof a

push-button kind. Let's take an approximation
ky, (1> = exp[—xp(T>]g(T>, where x > 1 is a

(7T) =

large dimensionless parameter, p(7> and gc7> —
any smooth functions, and p(0) =0, ¢g(0)=1,
pl(0) =0, pl (0)>0.
decomposition pc7> &~ p (0)7? /2 in a vicinity

Using Taylor-
of the point 7 = 0, it is easy to show, that the value
2/[XpTT (0) ] can be identified as 7, 7 — time of

auto correlation of a transmitted signal determined on
a level e ' of fall of function k, <7>. At

7.7 — 0 FAC accepts a push-button form:

ky, <> —1latT=0and k, (7> — 0at7=0.

By applying a method of asymptotic calculation of
integral in (11) (at 7,7 — 0) and taking into ac-
count following from (9)-(10) equality

B,, (0) = Wr, (13)
we receive:
Wy ~ V7B (OWpt, ¢ /16730krE > W min - (14)

For monostatic radar, when 7, = rp = r, from

(14) it follows: 7, ~ YWr7. ¢ . The analysis of
this dependence shows, that at reduction of time 7, 7
the maximal range r,,,, decreases. To prevent it one
need to increase proportionally the energy Wy of the
transmitted signal.

The given feature is quite stacked in frameworks
of known physical law, according to which the best
power opportunity on transfer-reception of signals is
realising not in broadband but in quasi-
monochromatic radio-lines. Because as in this case

by choosing frequency of a transmitted signal equal
to frequency of a global maximum of the function
H cw», it is possible to achieve a global maximum
of the received energy Wy . At the same time, the

broadband radio-lines in comparison with narrow-
band have new quality consisting in small time of
process of transfer-reception, that in radiolocation is
using for the identification of objects and their ele-
ments. However, “a power payment” for purchase of
this new quality at preservation of former range of
action of a radio-line is the appropriate increase of
energy Wy of signals.

4. The Range Equation for Radiolocation
of Elements of Object with UWBS
and USP

We modify (8), written down for detection of objects
wholly, with reference to detection of separate parts
of object. For this purpose, let us take the ACF

B,, (7> of received signal:

B,, ¢ =
oo

fwT(w>H(w)cosw7'dw

0
877'2’/’12“7’1% > BwR min (7, (15)

where B, min (7> is a given threshold function. At

excess of a threshold, the presence of some (but still
not identified) elements of object responsible for
formation of ACF at the moment 7 is considered
found out. The meaning B,,, (0) characterises influ-

ence of all elements of object, therefore at 7 = 0
(15) passes in (8). For detection and maintenance of
identification of elements of object most approach
ACF with narrow peaks. Such ACF are necessary to
formation for applying special kinds of transmitted
signals, including UWBS and USP.

Let us consider last case in more detail, thus for
simplicity we shall be limited to monostatic radar.
Let us present the object as a set of N bright points
carried in a radial direction. Let's assume, that RCS
o, of each bright point does not depend on fre-

quency w. Then (15) accepts a form:

BwB(T)—Bl(T)ZCT + Z Z\/ﬁx

j=i+1 i=1

2l)
T—_

&

where [; —radial distance between bright points,

{BI(T‘FJ)“FBl ZBmein(T), (16)
C
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o0
fwT(u})H(w,a)L,:1 coswT dw

B (=4 e - (17

specific (on unit of RCS) ACF of received signal
connected to ACF by ratio: B, (7> = oBy (. If

specific ACF has a form close to push-button — with

one peak at 7 = 0, then, how it follows from (16),

the ACF B,, (7> besides the basic peak at 7 = 0
N

with amplitude equal to B (O)Zai , will have
i=1

N (N —1) additional peaks at 7 = +2[; /c with
amplitudes equal to B, (0) /5;0; . By applying the

N N N
inequality 2 Z Z\/TUJ < Zai , it is easy to be
j=it1i=1 i=1
convinced that the sum of amplitudes of all addi-
tional peaks does not surpass amplitude of the basic
peak. From the analysis (16) also follows, that for
detection of a bright point with the least value of
RCS (0, )y, the threshold B, i, ¢7> should not

surpass B; (0)(o;)

min
min - If By, min (7> = const, then
for detection of a bright point of object with least
value of RCS in comparison with a case of detection

of object as a whole minimally necessary value

N
27::1 i
( o )min
identical bright points the increase must be of N
times. In this case equation (15) for one element of
object can be presented as (8) for object as a whole,

but with factor of a stock on energy equal N :

B, (0) should be increased in times. For

waT<w)H<w)dw
0

87727”4 > WR min = BwR min * (18)

At increase of number of bright points (that usu-
ally happens at complication of a configuration of
object) requirement to value of factor of a stock ac-
cordingly grow. If these requirements do not hold
and energy of a transmitted signal do not increase in
N times, then, how it follows from (18), the maxi-
mal range 7, of detection of one bright point will

decrease in ¥ N times. The maximal range of detec-
tion of object as a whole, certainly, remains former.
Other, less power-intensive way of increase of value
B, (0) is the rational redistribution of energy density

wyp (w> on spectrum, which is equivalent to change

of the form of a transmitted signal. One of radical
ways of change of the form is transition to the coded
sequence of transmitted pulses.

5. Criticism of Other Range Equations
for UWBS and USP
In light stated we should return to criticism of the
equations appearing in [2-3]. The equation [2] at
nr.r (w> = 0 and vy cw> =1 for bistatic case has a

form:

[Pr ()] ax Gr (wrg) 0 (Wpg ) A (wro )
16720k}

> PR min»

(19)
where [ Pr (t)],.. — maximal instant meaning of ca-

pacity of the transmitter; Py ., — minimally allow-

max

able meaning of capacity on an input of the receiver.
The ratio (19) is received in a heuristic way and
combines time and spectral approaches, which, at the
end, results in mistakes. To confirm it, we shall con-
sider the elementary case, when the object consists of
one reflecting element, and the signal generated by
the transmitter is a pulse with finite duration and
rather narrow-band spectrum. Then the ratio (19)
should coincide with (7). However it does not occur

because of basic distinction between [Py (t)],, and

Py . The presence in (19) G, o and A, taken only
for the average frequency wypg of the spectrum of the
transmitted signal, also is a mistake, because depend-
ence on other part of a spectrum and, hence, on the
form of a transmitted signal is ignored. In (8) as
against (18) it is taken into account by integration on
all spectrums of a signal.

The range equation given in [3], at
nr.r (w> =0, vw> =1, in view of generalisation

on bistatic case has a form:

WGy (Sp,7p)o () Ag (Sp,7r)
167 rr}

2 Wrmin- (20)

Here symbol Sp is implied to be the form of the
transmitted signal. In (8) the RCS is the function of
frequency w, while in (20) — is a function of time ¢ .
In opinion of the author [3], basis for this purpose is
dependence on time of intensity F, (¢) of scattered
field, which square, ostensibly, appears in definition
of RCS: ¢ ~ E%. However, actually in classical
definition of RCS appears average (for the period
27 / w ) density of capacity of scattered signal, which
is calculated as the

w 27/

" 2nJo

function of frequency, instead of the time. From the
physical point of view, RCS plays a role of transfer
function of a radio-line and to mix it with time char-
acteristics is inadmissible. Unfortunately, the similar
mistake is repeated later in [6-8]. Consequently, the

integral on time ¢:

MEZ (t)dt . Therefore, the RCS is the
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authors of [6] came to essentially incorrect final con-
clusions, about what, in particular, was already in-
formed in [4]. Thus, coming back to the equation
(19) it is necessary to ascertain, that it is wrong.
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OCHOBHOE YPABHEHWUE
PAJIMOJIOKALIAM JUUISA
CBEPXIIIAPOKOIOJOCHBIX
CHUTHAJIOB H VJIBTPAKOPOTKHX
UMITYJIbCOB

B.B. Asoees

[NomyueHo OCHOBHOE ypaBHEHHE PAJHOJIOKALMU IS
JOKanuu 00BEKTa M €ro JJIEMEHTOB CBEpPXIIMPOKOIOIOC-
HBIMH CHUTHAJIAMH H yJIBTPAKOPOTKHMH HMITyJIbcaMH. [1pu-
BE/ICH KPUTHYECKUH aHaJM3 JPYTHX OIyOJMKOBAaHHBIX Ba-
PHAHTOB 3TOr0 YPaBHEHMUS.

OCHOBHE PIBHSIHHSI PAIIOJTOKA LTI
JUIS1 HAJIIUPOKOCMYTOBUX
CHUTHAJIIB TA VJBTPAKOPOTKHX
IMITYJILCIB

B.b. Asoces

OTpUMaHO OCHOBHE DPIBHSHHS pajioyioKamil st Jio-
Katii 06’ekTa Ta HOro €JIEMEHTIB HaJUIMPOKOCMYTOBHMHU
CHTHAJaMM Ta yJIbTPaKOPOTKUMH iMmmyibcamu. HaBeneHno
KPUTHYHUI aHaJi3 iHIIHMX OMyOIiKOBaHUX BapiaHTiB LIbOTO
PiBHSHHS.
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