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MODIFICATION OF THE GELFAND-LEVITAN
METHOD FOR 1-D MULTYLAERED STRUCTURE
INVERSE PROBLEM
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For dielectric slab with step profile of dielectric constant the Gelfand-Levitan method is correct if peaks of
time-domain reflected signal are close to d-pulses. Combination of parametric spectral methods for obtaining
time-domain signal from frequency domain data and Gelfand-Levitan method for time-domain signal processing
can help to improve the solution of the problem. Results of numerical simulation are presented.

1. Introduction

I-D inverse problem for multylayered dielectric
structures is a fundamental problem of physics. The
profile of dielectric constant as function of distance
has to be reconstructed. A well-known approach to
the solution of the problem is the Gelfand-Levitan
method [1]. The main advantage of this approach is
capability of discrete (step) profile recovering with
taking into account multiple reflections.

2. Basic Relations

The Gelfand-Levitan method can be applied to dis-
crete multylayered dielectric structures with step pro-
file of dielectric permittivity. It can be used success-
fully if reflectogramma of structure is obtained even
for situation with multiple reflections in every layer
but only for ultrashort time pulses.

Let us consider a multylayered dielectric structure
which consists of n layers with ¢,,...¢, and thick-
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Fig. 1. Time-domain reflection coefficient for two-
layered structure calculated using discrete Fourier
transform (fi = 0.499 GHz, N =50, d, =1,

dp =2 cm)

nesses d;,d, ...d, ; €y is dielectric constant of air.

The essence of the Gelfand-Levitan method
consists in serial exception of the upper most layer
influence in relation to direction of the falling wave.
For this purpose the linear equation system is made
reflected wave data R; with unknown function
K (k,25 — k) for system consisting of the &k top
layers.
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After solving this system of equations, we will find
value of K (k,k) and then after substitution of this

value to the formula

k—2
i1 = 1/[1_[(1— 2 )1+ K (k) —1,(2)

i=0

we will find the reflectivity factor of the (k — 1)
layer.

The restoration of dielectric permeability is de-
scribed by the formula:

g =aa(l-n)1+na)7?. ()

The Gelfand-Levitan method has a disadvantage
for situation of peaks with non-similar to ¢ -peak



O. Drobakhin, M. Andreev, A. Novomlinov, V. Korotkaya, A. Sazonov

0O k) &= m oo =2

0 10 EEI”_\I{ESEI 40
i

Fig. 2. Profile of dielectric constant recovered by
Gelfand-Levitan method for signal of Fig. 1
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Fig. 3. Profile of dielectric constant recovered by

Gelfand-Levitan method for data received by gener-
alized pencil of matrix method
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Fig. 4. Time-domain reflection coefficient for two-
layered structure calculated using discrete Fourier
transform (fy = 0.15 GHz, N =50, d, =1,

dy =2 cm)

form. The accuracy of the profile reconstruction is
being degraded. For finite frequency band signals
there are ripples in reconstructed profile of dielectric
constant. This situation is rather usual for microwave
measurements.

Parametric spectral methods such as the Prony
method, the generalized pencil of matrix method [2]
and the maximum of likelihood method [3] can be
applied instead of discrete Fourier transform for ob-
taining time-domain signal. There is a simple ap-

proach [4] for data interpretation but the approach is
correct in case of negligibly low level of reverbera-
tions. Applications of parametric spectral analysis
methods allows one to avoid disadvantages of tradi-
tional application of the Gelfand-Levitan method to
time-domain signal obtained by discrete Fourier
transform.

3. Numerical Simulation

For numerical simulation of the Gelfand-Levitan
method using different methods of parametric spec-
tral analysis the time-domain reflection coefficient
has been synthesized on the base of frequency-
domain data calculated under suggestion of planar-
wave approximation. The parameters of two-layered
structure were ¢, = 9 and ¢, = 5. The thicknesses

were d; =1 cm and dy = 2 cm. The values of step
in frequency domain were chosen equal to
Afy = 0.499 GHz, Af, = 0.15 GHz. The number
of frequencies N was 50. Thus the frequency band
were 24.45 and 7.35 GHz correspondingly.

For data presented in fig. 2, 3, 5, 6 one sample
of x-axis corresponds to geometrical sample equal to
m with additional multiplier %67 . The
value ¢; was chosen equal to value in this point.

Time discrete for data in Fig. 1 were chosen in
the manner provided time-domain peak form closely
similar to form of é -pulses.

Fig. 2 confirms Gelfand-Levitan method capa-
bility of correct reconstruction of dielectric constant
profile for case of sinz /z peaks which are closely

similar to ¢ -pulses. Non-sufficient ripples in the
reconstructed profile are occurred due to side-lobes
of functions of sinz /z . Results of dielectric con-

stant profile reconstruction by the Gelfand-Levitan
method for time-domain signals obtained by general-
ized pencil of matrix method is presented in Fig. 3.
The Prony method and the maximum of likeli-
hood method give similar. It is clear that application
of the three methods of parametric spectral analysis
allows one to reconstruct profile more correctly. The
parasitic ripples have been vanished. For some parts
of the profile the first approach provides more accu-
rate results but this situation occurred only for spe-
cific situation of § -form of pulses. In practical situa-
tion 6 -form of pulses can be occurred seldom.
Results for case Af, = 0.15 GHz are presented
in Fig. 4-6. After discrete Fourier transform obtained
peaks in time domain have form non-similar to ¢ -
pulses. Recovering the profile by direct application
of the Gelfand-Levitan method implies the appear-
ance of ripples with large amplitudes comparable
with values of the dielectric constant. These oscilla-
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Fig. 5. Profile of dielectric constant recovered by
the Gelfand-Levitan method for signal of Fig. 4
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Fig. 6. Profile of dielectric constant recovered by
Gelfand-Levitan method for data received by gener-
alized pencil of matrix method

tions managed to be avoided by use of the spectral
parametrical analysis methods.

Results of profile reconstruction by the Gelfand-
Levitan method for time-domain data obtained from
the same data of Fig.4 using parametric spectral
methods are presented in Fig. 6. Restored dielectric
permeability structure due to use of this methods
becomes more smooth and oscillations disappear.

Worse result was obtained for case of the
Prony’s method but even for this situation the ripples
were disappeared. The best results were obtained for
maximum likelihood method and generalized pencil
of matrix method. The approaches provide rather
high accuracy of estimation.

4. Conclusions

The results of numerical experiments allow to make
conclusions that the Gelfand-Levitan method is the
most simple in realization if time characteristic of the
wave reflected from the layered structure are ob-
tained by discrete Fourier transform from data ob-
tained experimentally or numerically in frequency
domain. This way is more economic concerning
computing expenses but it works adequately when
the width of frequency band is chosen in the manner
that peaks have ¢ -pulse form and non-overlapped. In

practice it is difficult enough for realizing if layers
have different electric thicknesses. The spectral pa-
rametrical analysis methods used allow one to solve
the problem.
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MOJUO®UKALIAS METOJIA
T'EJIb®AHJIA-TEBUTAHA 115
OBPATHOM 3AJTAYM OJTHOMEPHOM
MHOI'OCJIOMHOM CTPYKTYPbI

O. [lpobaxun, M. Asoees, A. Hogomaunos,
B. Kopomxkas, A. Cazonos

Jis quanexTpuyecKon IUIMTHL CO CTYNEHYAThIM MPO-
(uiteM OUANEKTPUYECKONW TOCTOSIHHOW MPHMEHHM METO
T'enpdanna-JleBurana, ecau MUKW OTPAKEHHOTO CUTHANA
Omusku Kk O -umnynscaM. KoMOMHAIMA HapaMeTpHYECKUX
CIIEKTPAIBHBIX METOMOB JUIS MONYYCHUS] CHTHAla BO Bpe-
MEHHOH 00J1acTH 10 NAaHHBEIM M3 YacTOTHOH o6iacté u
meron ['enbdanna-JleBurana mist o6pabOTKHM CHTHaNA BO
BPEMEHHOH 00J1aCTH MO3BOJISIOT IOJIYYHUTh YCOBEPIICHCT-
BOBAHHBIH QJITOPUTM pelleHus 3anauu. llpuBeneHsl pe-
3yJIbTaThl YUCIEHHOTO MOJETHUPOBAHUS.

MOJIU®PIKALISA METOY I'EJIb®AH/IA-
JEBITAHA JIJIS1 3BOPOTHOI 3A/1AUI
OJHOBUMIPHOI BATATOIIIAPOBOI

CTPYKTYPHU

O. Jlpobaxin, M. Asoees, O. Hosomninos,
B. Kopomxkas, A. Cazonos

Jnst mieneKTpU4HOI IUIMTH 31 cXiggacTuM mpodinem
nienexktpuuHoi cranoi merox ['enbdanna-Jlepitana 3acro-
COBHMI{, SIKIIO MKW BiZOWUTOro cMrHamy Onusbki g0 O -
iMmynbeiB.  KoMmOiHamis mapaMeTpuyHHX —CIEKTPAITbHUX
METOJB /Ul OTPMMAaHHs CHTHaJy B 4YacoBid oOmacti Ta
merton ['enbdanna-JleBitana s 06poOKK CHUrHANTY B 4aco-
Bill 001acTi H0O3BONSIOTH OTPUMATH YJOCKOHAICHHUIH ajro-
pUTM pO3B’s3aHHA 3amadi. HaBeneHo pe3ynbTaTd 4mcenb-
HOT'0 MOJCITIOBAHHSI.
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