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In the paper, a new algorithm based on the application of template wavelet coefficients is proposed to solve
the problems concerning noise reduction in the vicinity of edges in signals and images and suppressing parasitic
oscillations, which arise when threshold wavelet algorithms are used. It is shown that this approach calls for
choosing a specific wavelet. Examples of the application of the developed technique are given.

1. Introduction

The problem on noise reduction and enhancement
of image edges ranks among typical problems in im-
age processing. This paper deals with the problem of
noise reduction in signals, which are slowly varying
functions between sharp edges. The strings and col-
umns of images obtained in experiments or observa-
tions are examples of such signals. For instance, radar
images of clouds have slowly varying reflectivity be-
tween sharp cloud edges.

The high-frequency noise components produce the
main distortions in signals and images, since the pow-
er of the signal high-frequency component is often
less than the power of the low-frequency component.
However, an application of the conventional low-fre-
quency filtration results in smoothing edges and loos-
ing fine features. To keep the edge sharpness, the high
frequencies should be removed between the edges and
retained in the vicinities of the edges. For this pur-
pose, one can use a representation of the signal, which
allows analyzing local properties of signals both in
time and frequency domain. Window Fourier trans-
form is an example of such representation [1],

Here w(¢) is a window function, usually Gaussian.
Window Fourier transform gives the spectrum of the

part of a signal cut out by the “window”. A disadvan-
tage of this transform is that the time resolution deter-
mined by the window width is fixed. Wavelet trans-
forms provide more accurate time-frequency represen-
tation of signals.

Wavelet is a square integrable function localized
both in time and frequency domain and satisfing the
admissibility condition [1]

<y (w)f
CW = J‘Td())<°°

—oo

If wavelet is a differentiable function, the admissibil-
ity condition can be rewritten as

_j w(t)det = 0. 1)

Classical examples of wavelets are the first and the
second derivatives of the Gaussian,

w(t)=texp(—t2>, w(t)z(l—th)exp<—t2>.

The continuous wavelet transform (CWT) of a sig-
nal f{¢) is introduced as [1-5]
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W(a,b)= T SO, (0dt, y,, (1) = %‘V(% )
g a

where b denotes the real numbers, and a is a positive
number. The symbol “*” stands for complex conjugation.
If the admissibility condition is satisfied, the inverse con-
tinuous wavelet transform is given by the relation

e dadb
fo=c-J [wabw, 0=

Y —oo —oo

The wavelet spectrum W (a,b) is a function of two
variables: the scale parameter ¢ > 0 (the analog of
frequency) and translation parameter b (location of
the time window). The wavelet transform gives a local
spectrum of signal in the vicinity of b, similarly to the
window Fourier transform. However, the time and fre-
quency resolutions of the wavelet transform are relat-
ed to each other: the high-frequency wavelet has
a narrow time window and low-frequency wavelet has
a wide time window. It should be also noted that there
are a lot of different wavelets and one can choose an
appropriate wavelet allowing for the features of the
problem considered.

In practice, the discrete wavelet transform (DWT)
is usually applied [1-6], in which case the samples of
the wavelet spectrum, called wavelet coefficients, are
calculated. Samples of the wavelet spectrum are taken
in the nodes of a grid on the plane (a,b),

d,[k]=W(a,;b;,), Jj.ke Z. (3a)

where Z denotes the space of integer numbers.

There are two types of discrete wavelet transforms
and wavelet coefficients: decimated and undecimated,
depending on the type of the grid. The former DWT
calculates the samples of the wavelet spectrum on the
following grid:

Y
a,=2",

b, = 2k,
whereas the latter — on the grid:

b, =k, (3b)

Wavelet coefficients with the same octave number j
and various k-values form an octave.

The inverse discrete wavelet transform was intro-
duced to reconstruct the original signal from its wave-
let coefficients.

Several algorithms based on the wavelet transform
have been proposed to treat signals and images (e. g.
[7-9]). Each algorithm involves three main steps:
i) The wavelet spectrum is formed using some type of
wavelet transform. ii) Then the spectrum is treated by
means of linear or nonlinear filtration. iii) Finally, an
inverse wavelet transformation is performed to get the
filtered image or signal.

From (1) and (2) one can conclude that the smaller
signal variation, the smaller the values of the wavelet
coefficients, and vice versa. This means that sharp
variations of a signal or image edges give rise to peaks
in each octave of the wavelet coefficients. Such peaks
are called edge peaks. Their position indicates loca-
tion of edges. The presence of noise leads to similar
peaks and naturally complicates the analysis. Exam-
ples of wavelet coefficients for clean and noisy sig-
nals are given in Fig. 1.

The main idea of so far used algorithms for filtra-
tion of the wavelet coefficients lies in the following.
The wavelet coefficients that describe the edge peaks
are preserved, whereas the rest of the coefficients are
eliminated. This leads to reduction of noise influence.
The difference between various algorithms is mainly
due to the rule, which is used to determine the correct
coefficients describing the edge peaks.

The wavelet threshold filtering is the most popular
algorithm for this purpose. According to this algorithm,
the wavelet coefficients, which exceed some thresh-
old value, are considered as correct ones. The thresh-
old value is chosen either heuristically or with the help
of special algorithms [7, 8].

This approach has two disadvantages. Firstly, de-
leting the “damping tail” of edge peaks leads to para-
sitic oscillations in the reconstructed signal. Secondly,
the coefficients satisfying the threshold condition are
not eliminated, so that the noise in the vicinity of edg-
es is not filtered.

The drawbacks mentioned are illustrated in Figs. 2
and 3. The result of the application of threshold filter-
ing to the noiseless test signal of Fig. 2 (a) is shown in
Fig. 2 (b). The parasitic oscillations due to deleting
the “damping tail” is clearly seen in the latter figure.
Fig. 3 illustrates the application of this approach to a
noisy test signal shown in Fig. 3 (a). The result of the
filtration depicted in Fig. 3 (b) illustrates that the noise
in the vicinity of edges is preserved.

In this paper, a novel approach to the filtration of
wavelet coefficients is proposed in order to get rid of
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Fig. 1. The wavelet coefficients dj[k] of the signal f(t): clean (a) and noisy (b)

these drawbacks. The main idea of the approach lies
in the application of template wavelet coefficients,
which are used for replacing the noisy wavelet coeffi-
cients. To realize the technique proposed a specific
type of analyzing wavelet should be used. It has been
found that the first derivative of the cubic B-spline is
an appropriate choice for analyzing wavelet.

The paper is organized as follows. The elements
of the theory of multiresolution analysis (MMA) are
considered and the formulas of undecimated DWT are
given in Section 2. The main idea of the proposed
algorithm is described in Section 3. In Section 4, the
choice of the analyzing wavelet is discussed. Section
5 contains a conclusion.

2. Multiresolution Analysis and Discrete
Wavelet Transform

In this paper, we consider the DWT algorithms
based on multiresolution analysis (MRA) and the py-
ramidal algorithms similar to them. The rigorous

mathematical definition of MRA can be found in
[1, 6]. Here we give a simplified definition of MRA,
sufficient to explain the DWT algorithm.

In the theory of MRA a square integrable function
) is represented as a sequence of its approximations

Jf;(®). The larger octave number j, the smoother the
approximation f(¢). In other words, more accurate

approximation (with smaller ) contains higher frequen-
cies; the accuracy of the approximation increases with
improving the resolution.

MRA is defined as a sequence of closed nested
subspaces V; C L’(R), where R is the space of the
real numbers,

.ch,chclV,cV, c..,

and the approximations f(#) are the projections of

f(t)e I*(R) on each of the subspaces V. Let us de-
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Fig. 2. Noiseless test signal processing:
(a) — noiseless test signal, (b) — test signal after threshold
filtering, (c) —test signal after the proposed filtering technique

note the orthogonal complement of V.oV _ asW,
Via =V, @W,.

The symbol of the direct sum means that each el-
ement of the subspace V. can be uniquely written as
a sum of an element of V. and an element of w. The
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Fig. 3. Noisy test signal filtering:
(a) —noisy test signal, (b) — test signal after threshold filtering,
(c) — test signal after the proposed filtering technique

subspace IV, contains the “detail” information required
to go from the approximation with the resolution j to
the approximation with the resolution j— 1.

In each of the subspaces V, there exists an orthog-
onal basis [1],

1 -2k
a0k, 0.0= 7o
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Square integrable function ¢(¢) is a scaling function
of the MRA and satisfies the requirement

Jowar=1.

In subspaces w, there exists an orthogonal wave-
let basis,

1 -2k
v 0}, ‘V‘f,k(’)‘ﬁ"’( 2 ]

It should be noted that such basis could not be formed
by an arbitrary wavelet, but only by some special
wavelets.

The MRA described above is an orthogonal one:
W, LV, . There exists a biorthogonal MRA with the
sequences of dual subspaces Nj and W and there-
fore W LV, w, J_V Bases in the subspaces V

and W, are formed by dual scaling function q) and

dual wavelet W, respectively.

The subspace 17 can be represented as a direct

sum of ¥, and W, , then the subspace V1 can be rep-
resented as a dlrect sum of V and W and so on,
and we have

170=®W

'C-B“

~

S = ch ¢M(r>+22d W, ()

The coefficients

= [ 1(00) ()t

are called the scaling coefficients of the function f{f).
Thus, signal is exactly described by its wavelet coef-

ficients d,[k], j=1, 2, ..., J and scaling coefficients

¢,[k]. Scaling coefficients give low-frequency smooth

approximation, whereas wavelet coefficients describe
fine features and edges.
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In practice, signal can be measured and presented
by its samples only approximately. The signal mea-
sured can be projected on the subspace ¥, and we
will assume that the approximation f;(¢) is suffi-
ciently accurate. The scaling function ¢(¢) is well
localized both in time and frequency domain similar
to wavelet, and, therefore, the scaling coefficients
¢,[k] can be considered as the samples of the signal
with sufficient accuracy.

According to the expression

V.=V, ®W,,

the basis functions of the subspaces ¥, and W, canbe

expanded via the basis functions of the subspace V|,

o) =2 Y hlk16(2t k), (4a)

w(0) =2 glklo(2t k), (4b)

and the basis functions of the subspace V_; — via the

basis functions of the subspaces V, and W,

V202t —n) =Y in—2k10(t k) +

+Y &ln—2k(t k). (4¢)

Here 4, g, h ,and g are the filters determined by the

wavelet and the scaling function.

Relations (4a-4b) enable to build fast recursive
undecimated DWT algorithm [1, 4-6] called the DWT
algorithm based on MRA. The pyramidal DWT algo-
rithms are based on the other recursive relations sim-
ilar to recursive relations of MRA (4).

An algorithm of the direct undecimated DWT is
given by

1+1 zh

k+2’ 1, (5a)

/+1 Zg

Lk + 2/n], (5b)
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and allows to calculate recursively the coefficients
d;[k], j=1,2, .., J, and ¢,[k] from the scaling

coefficients ¢,[k],

k1= [ £t~k

An inverse undecimated DWT algorithm is given by

¢ [k]= %Zﬁ[n]cm (k-2 n]+%2 glnld ., [k—2'n],

(5¢)

and yields the coefficients ¢,[k] from the coefficients
d;[k]l, j=1,2, .., J, and c,[k].

J

3. The Algorithm of Template Wavelet
Coeffcients

Since wavelet coefficients are the result of the
convolution of the wavelet and signal, the shape of the
edge peak is determined by the shape of both the wave-
let and edge. The jump is the simplest edge and a
signal with such single edge is the Heaviside function

o(1) = 1, t=0,
o, ¢<o.

In accordance with (2), (3), the undecimated wave-
let coefficients of the Heaviside function, called be-
low the template wavelet coefficients, are given by

d°lk] = # % (sz )dt . (6)

These coefficients describe the edge peaks, which
correspond to a jump discontinuity of unit height for
any function.

Let us consider a signal, which is a slowly chang-
ing function between sharp edges. Such signal can be
represented as

fO=s@)+Y H,8(-T,),

where s(¢) is a slowly varying function, 7, and H,

are the coordinates and heights of the sharp edges.
The wavelet coefficients of such signal are given by

d [k]= # [ st (tz_—/k )dt +

1 T ou(t—k
+\/?;Hmiw [ Y )dt.

We will assume that the slowly varying function
s(t) coincides with the approximation of the function
f(t) with the resolution J, and therefore is wholly

described by the scaling coefficients c,[k]. Then their

contribution to the wavelet coefficients with j<J

equals zero. These wavelet coefficients, called below
clean wavelet coefficients, are completely determined

by the locations and heights of the edges, 7, and H,, ,

and by the template wavelet coefficients df.’[k] ,
dilk1=Y H,d[k~T,]. )

As has been mentioned above, the wavelet and
scaling coefficients of the higher octaves (j =1, 2, 3)
are corrupted by the noise in a greater extent than those
of the lower octaves (j = 3, 4, 5). On the one hand, this
is explained by the fact that we often have a high-
frequency noise. On the other hand, this is due to the
signal power concentration in the low frequency com-
ponent of the signal. Therefore, the signal-to-noise ratio
is better in low octaves.

The described peculiarities of wavelet coefficients
have led us to a new approach to the filtration of wave-
let coefficients. The basic idea of this approach is the
following. From the analysis of wavelet coefficients

with large octave number J one can find positions 7,
and heights H, of the edges for a particular signal.
After that, by using the template coefficients d‘?[k] R
one can calculate the clean wavelet coefficients d;[k]
with j <J . These coefficients are used to replace real

noisy wavelet coefficients d,[k] forall j. Supplement-
ing the clean wavelet coefficients by the retained scal-

ing coefficients c,[k] and carrying out the inverse
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DWT, we obtain the filtered signal. As a result, the
noise is reduced to a large extent, and spurious para-
sitic oscillations do not arise. Moreover, it should be
noted that slow time variations of the signal are mod-
eled correctly, since they are mainly described by the

scaling coefficients ¢, [k].

The locations of edges, 7, , can be found as the
positions of extremes of the wavelet coefficients with
sufficiently large octave number d,[k], and the heights

of edges can be calculated from the extreme wavelet
coefficients by the expression

H =<Lomi 8)

Some threshold may be used to distinguish the edge
peaks from those produced by noise. This threshold
defines the minimum height of edges.

It is clear that the octave number J is desired to be
taken as large as possible to reduce the noise to a large
extent. However, the value of J is restricted by two
requirements. Firstly, the approximation with the res-
olution J should be sufficiently accurate to describe
the slowly varying component of the signal. Secondly,
with increasing J the resolution of closed edges be-
comes worse since their edge peaks merge each other.
Thus, to distinguish the finest features in the case of
weak noise one can take J = 2, 3, and in the case of
strong noise it should be taken J = 3, 4. To improve
the resolution of closely situated edges the locations
and heights of the edge can be found from the J -th
octave; the scaling coefficients can be retained at the
J,-th octave, and clean wavelet coefficients can be

calculated for J, > J, .

Thus, the algorithm of template wavelet coefficients
allows the noise reduction not only between the edg-
es, but also in their vicinity, and parasitic oscillations
do not arise. Moreover, the algorithm allows recon-
structing the sharp edges from smoothed edges cor-
rupted by the noise.

4. Choice of the Wavelet

Let us consider the wavelet in the form of a deriv-

ative of an even square integrable function G(¢),

=29

i G(-1)=G(1).
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Then the expression (6) for the template wavelet coef-
ficients is reduced to

d’[k]=

ol &
‘ —2G(2/,). 9)

To find the locations and heights of edges with a
high accuracy, the edge peaks should be well local-
ized and have a single extreme, pointing the edge
location. This means that the function G(¢) should
have a bell-like shape.

For example, G(¢) can be taken in the form of
Gaussian. Then the wavelet will be the first derivative
of the Gaussian. However, the cubic B-spline is the
more appropriate choice for the function G(¢),

o 3
—(t+2),
6( )

—%(3t3 +617—4), -1<t<0,

0, (f) = %(3t3—6t2+4), 0<r<l, (10)
1 3
(=27, 1<t<2,

0, |£]>2.

The cubic B-spline and the chosen wavelet are
shown in Fig. 4. The Fourier transform of the cubic
B-spline is

A 1 (sinw/2Y
¢, (w) —E(W) .

It turns out that for the chosen wavelet exact pyra-
midal direct and inverse DWT algorithms with the
finite-length filters (i. e. the filter with finite number
of nonzero elements) can be built. The formulas of the
pyramidal DWT can be obtained from the formulas of
the undecimated biorthogonal DWT (5) substituting

d, [kl by d,[k], j=0, 1, 2, .., J—1,with the fil-

ters given in Table 1.

We have obtained this pyramidal algorithm from
the well-known biorthogonal MR A with the quadratic
B-spline as the scaling function [1] by using the ex-
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Fig. 4. Cubic B-spline (a) and proposed wavelet (b)

pression that relates the chosen wavelet

do,
=5 11
V= (11)

to the wavelet y, from the above mentioned bior-
thogonal MRA,

W, (2m) = —%e"“’ (2+cos ), ().

In other words, the pyramidal algorithm has been ob-
tained substituting the biorthogonal basis of subspac-

es W, based on , by nonorthogonal basis based on
the chosen wavelet y, .

For the chosen wavelet, the template wavelet coef-

ficients can be rewritten as

308

Table 1. Filters

n o glnl Al gl hn] hs[n]

-3 - - -116 - -
-2 - - -1/16 - J2/16
-1 - 274 12 J2/8 274
0 -1 32/4 12 3J2/8 3W2/8
1 1 32/4 116 3J2/8 2/4
2 - 274 116 J2/8 2716

d[k]=—2" 3[2@) (12)

and the clean wavelet coefficients (7) are given by

). (13)

We have found that clean wavelet coefficients can
be calculated in a fast way. Namely, since the cubic B-
spline is the scaling function of biorthogonal MRA
[1], the Eq. (4a) is valid for this spline with the filter
hy[k] (see Table 1). By applying (4a) to the expres-
sion (13) one can find that clean wavelet coefficients
can be calculated with the Eq. (5a). In fact, it is suffi-
cient to calculate the clean wavelet coefficients d;[k]
for j =0 directly from (13), and then take them as the
coefficients ¢,[k] for (5a). By carrying out the calcu-
lation in this way, we have obtained

dilk1=—2" S H, 0, (k ;}.Tm

c,lk]=-

| k-T
Ho,| 2
@2 m¢( > ) (14)

One can easily see that required clean wavelet coeffi-
cients equal

di[k1=2¢,[k], j=1, 2, oy J-1. (15)

The choice of cubic B-spline as a function G()
allowed us to build simple, effective and exact direct
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and inverse pyramidal DWT algorithms with the finite
length filters, and to organize the computation of the
clean wavelet coefficients in a fast way. Another choice
requires more complex algorithms than proposed py-
ramidal. Therefore, the choice of cubic B-spline can
be considered to be particularly successful.

5. Results

Now the final version of the proposed algorithm
can be described by collecting all steps discussed in
the previous sections. The main steps of the algorithm

are shown in Fig. 5. First of all, the wavelet d [k] and

scaling c,[k] coefficients are calculated by using the
direct DWT with the chosen wavelet (5a, b). Then the
edge positions 7, and edge heights H, are calculat-

ed from the coefficients d,[k], and clean coefficients

d;[k] are built according to (13). The other wavelet
coefficients are built by using the fast algorithm (14-
15). At last, the filtered signal is obtained by using the
inverse DWT (5¢).

Thus, the application of the proposed noise re-
duction technique allows us to avoid the excitation
of parasitic oscillations. The result of applying the
proposed algorithm to a noiseless test signal (see
Fig. 2 (a)) is shown in Fig. 2 (c). The result of apply-
ing the threshold algorithm to the same noiseless test
signal is shown in Fig. 2 (b). As one can see, parasit-
ic oscillations in the vicinity of edges are totally ab-
sent when proposed algorithm is used. This is in
contrast to the threshold filtering technique.

Moreover, proposed technique allows an effec-
tive noise reduction from the signal not only be-
tween the edges but in the vicinity of the edges as
well. The noisy test signal shown in Fig. 3 (a) was
processed by using the threshold technique (Fig. 3
(b)) and the proposed algorithm (Fig. 3 (c)). Com-
paring both figures one can see that the noise re-
duction is rather good when the proposed algorithm
is used.

The signal processing algorithm described above
can be used for grey-level image processing as well.
Grey-level images are treated by an application of
the one-dimensional algorithm at first to columns and
then to strings. The color image can be represented
as three images, which are the RGB-components of
colors, and thus it can be processed by applying the
grey-level image processing algorithm to each of these
components.

ST
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d; [k]
& 1k]

Find locations and
heights of edges

T,

m

H

m

Build clean wavelet
coefficients

5 [K]
¢ Ik]

Inverse DWT
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Fig. 5. The scheme of the noise reduction algorithm based
on template wavelet coefficient
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AJITOPUTM yJaJieHUs LIyMa HA OCHOBe
HCMOJb30BAHNS IA0TOHHBIX BeHBJIETHBIX
k03¢ unueHToB

A. A. Be3BecuinbHbliii, B. B. Bunorpanos,
K. Illynemanu

B craTbe npenokeH HOBBIM alrOpUTM, OCHOBAH-
HBII Ha IPUMEHEHHUHN IA0TOHHBIX BEHBICTHBIX KO3(-
(UIMEHTOB JUIs peleHus TPoOJIeM, CBSI3aHHBIX C ya-
JICHWEM IIyMa B OKPECTHOCTH TPAHMUI] B CHUTHAJaX |
N300paXEHMSIX W MOAABICHUEM Mapa3UTHBIX OCIHII-
TSI, KOTOPBIE BOSHUKAIOT IIPU UCTIONB30BaHUH T10-
POTOBBIX BEMBIETHBIX anroputMmoB. [lokazaHo, 4To
3TOT MOAXO0A TpeOyeT BbIOOpa CIeUanbHOro BeliBe-
Ta. [IpuBeaeHBI MPUMEPHI MPUMEHEHHSI TTPEIOKEH-
HOTO TI0IXO0AA.
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AJIropuT™M BHIAJIEHHS LIIyMY HA OCHOBI
3aCTOCYBAHHS IIA0JIOHHUX BeliBJIETHUX
Koe(iuieHTin

0. O. Be3BeciiibHuii, B. B. Bunorpapnos,
K. Hlynemann

VY cTarTti 3amporoHOBaHO HOBHU alTOPUTM, IIO
0a3yeThcsl Ha BUKOPHCTAHHI MIA0JOHHHUX BEHBICTHUX
Koe(iIieHTIB AN po3B’sI3aHHS MIPOOIIEM, TTOB’ I3aHUX
3 BUAAJCHHSAM IIyMY MOOJM3y MEX B CHTHaJaX Ta
300paKeHHSX 1 3HUIICHHS MApa3uTHUX OCIMIIALIHN, 110
BUHHKAIOTH Y pa3i 3aCTOCYBaHHS IOPOTOBHUX BEHBJIET-
HUX aJlTOPUTMIB. 3a3Ha4YEHO, IO LIeH MigXiJ BUMarae
BHOOpY cremiansHOTO BeliBnera. HaBeneHo mpukia-
JIM BUKOPUCTaHHS 3alTPOTIOHOBAHOTO IMiXO.Y.
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